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Abstract

Total energy singular vectors (TESVs) are the directions of maximum perturbation
growth over a finite time interval. They have proved useful for the estimation of error
growth, the initialization of ensemble forecasts, and the optimal placement of adaptive
observations.

The aim of this paper is to address computational aspects of the TESV analysis for
atmospheric chemical transport models. The distinguishing feature of these models is
the presence of stiff chemical interactions. We discuss a projection approach to preserve
the symmetry of the tangent linear—adjoint operator for stiff systems, and extend it to
3D chemical transport simulations. Numerical results are presented for a simulation
of atmospheric pollution in East Asia in March 2001. The singular values and the
structure of the singular vectors depend on the length of the simulation interval, the
meteorological data, the location of the target region and the selection of target species,
the choice of energy norms, and the size of the target region. The calculation of singular

vectors is as expensive as a full 4D-Var data assimilation cycle.
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1 Introduction

Total energy singular vectors (TESVs) are the directions of fastest error growth over a finite
time interval. Singular vector analysis was introduced in meteorology by Lorenz [23], who
computed the largest error growth rates in an idealized model of the atmosphere. The adjoint
technique was used by Molteni et al. [30] and Mureau et al. [31] to compute singular vectors
for meteorological models. Singular vector analysis of large-scale general circulation models
is now possible (see e.g., Navon et al. [22]).

Applications of singular vector analysis in numerical weather prediction include: (1)
normal mode analysis of atmospheric flow instability, estimation of error growth, and the
assessment of atmospheric predictability [2, 13, 30, 32]; (2) initialization of ensemble forecasts
[29, 31]; and (3) estimation of the optimal placement of adaptive observations [4, 15, 24, 33].

Numerous studies have shown that the structure of singular vectors in atmospheric gen-
eral circulation models is determined by: (1) the atmospheric episode under consideration
[1]; (2) model physics (e.g., the treatment of boundary layer processes) [1, 4, 5, 12, 25]; (3)
model resolution [4, 5, 12, 25]; and (4) the particular choice of energy norms [20].

The objective of this work is to study the total energy singular vectors for atmospheric
chemical transport models. The distinguishing feature of these models is the presence of
chemical interactions between tracer species, which leads to a very stiff, nonlinear system of
partial differential equations. This poses nontrivial challenges in the computation of singu-
lar vectors, and allows interesting interpretations stemming from the complex interactions
between emission sources, chemical transformations, transport, and deposition processes.

The paper is organized as follows. In Section 2 we introduce the total energy singular
vectors and introduce two of their possible applications in the context of air pollution mod-
eling. Computational aspects of chemical singular vectors are discussed in Section 3. An
introduction to chemical transport modeling and the formulation of the tangent linear and
adjoint models is presented in Section 4. Several possible energy norms are discussed in
Section 5. Numerical results from a simulation of air pollution in East Asia are shown in

Section 6. Section 7 summarizes the main findings of this work.

2  Singular Vectors and Chemical Transport Models

An atmospheric chemical transport model (CTM) propagates the model state forward in
time from the “initial” state x(¢y) to the “final” state z(tg). With M denoting the model

solution operator we have

(tr) = Migoie (2(t0)) - (1)
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Perturbations (small errors) evolve according to the tangent linear model (TLM)
0x(tr) = Myt dz(to) , (2)
and adjoint variables according to the adjoint model
Alto) = My, Altr) - (3)

Here M and M™* denote the solution operators of the two linearized models. A detailed
description of chemical transport models, and the corresponding tangent linear and adjoint
models, will be given in Section 4. The error covariance matrix propagates from P(ty) to
P(tp) according to

P(tp) = My, e P(to) M7, +Q - (4)

The additional term () represents the covariance of the model errors.

2.1 Total Energy Singular Vectors

Total energy singular vectors (TESVs) determine the most rapidly growing perturbations in
the atmosphere. The magnitude of the perturbation at the initial time ¢, is measured in the

L? (“energy”) norm defined by a symmetric positive definite matrix A
162(to) I = ( (t0) , Abz(to) ) - (5)

Similarly, the perturbation magnitude at the final time ¢r is measured in a semi-norm defined

by a semi-positive definite matrix B
|62 (te) I3 = ( 6z (tr), B dx(te) ) - (6)

We call the norms (5) and (6) squared the “perturbation energies”. The ratio between

perturbation energies at tp and ¢, offers a measure of error growth:

R [162(te)ll5 _ (9x(tr), Box(tr)) (7
[0z(to)I% (9x(to), Adz(to))
(Mig st 02(t0) , B Myy—s1, 63(20))
(0x(to) , Adx(to))
(0z(to), My, _; BMyy 1.0z (to))

tr—to

(0z(to), Adz(to))

In (7) we use the fact that perturbations evolve in time according to the dynamics of the

tangent linear model (2).
TESVs are defined as the directions of maximal error growth, i.e. the vectors s (o) that
maximize the ratio o2 in equation (7). These directions are the solutions of the generalized

eigenvalue problem
M

tr—to

B MtOHtF Sk(tO) = O']% A Sk(t()) . (8)
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The left side of (8) involves one integration with the tangent linear model followed by one
integration with the adjoint model. The eigenvalue problem (8) can be solved efficiently
using the software package ARPACK [21], or its parallel version PARPACK [27].

Using the square root of the the symmetric positive definite matrix A the generalized
eigenvalue problem (8) can be reduced to a simple eigenvalue problem

A75 My B My e A7 0(to) = 02 op(to) , vklto) = A2 si(to) - (9)

Furthermore, v (ty) are the left singular vectors in the singular value decomposition
B2 My, A™2 = U -diag(oy) - VT where oy ug(te) = B2 s(ty) - (10)
The TESVs s; are A-orthogonal at ¢y and B-orthogonal at tg
(sk(to), As;j(te)) =0 and {sk(tr), Bs;(tr)) =0 for j#k. (11)

The equations (10) and (11) justify the name of “total energy singular vectors”. The singular
value decomposition of the linear operator M, ., with the A scalar product at ¢y, and the
B scalar product at tp, has the left singular vectors si(ty) and the right singular vectors
sk(tr). The singular values oy, are the error amplification factors along each direction sy.

A special set of energy norms is provided by the choice B = I and A = P(ty) . In this
case the resulting singular vectors si(ty) evolve into the leading eigenvectors si(tr) of the

forecast error covariance matrix P(tr),
P(tF) Sk(tp) = 0']3 Sk(tF) . (12)

The eigenvectors si(trp) are called “Hessian singular vectors” (HSVs). Since the leading
eigenvectors of P(tp) are the directions of maximum variance of forecast error, HSVs define
the directions along which we must do a good job of analysis in order to minimize the forecast
error at tp. We assume that the model error in equation (14) is negligible over the period
[to, tr]. From equation (12) it follows that Hessian singular vectors are the solutions of the
following generalized eigenvalue problem

Mt*p—>t0Mt0—>tF8k(t0) = )\kP(to)_lsk(to) = )\k (VQJ) Sk(to) (13)

The second relation comes from the fact that the inverse of the analysis covariance matrix
is equal to the Hessian matrix of the analysis cost function J in the variational analysis
system. This motivates the name Hessian singular vectors for the solutions si(ty) of the

eigenproblem (13).
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2.2 Initialization of Ensemble Forecasts

A critical element for accurate simulations is the use of observational data to constrain model
predictions. Widely used data assimilation techniques include 3D-Var, 4D-Var, Kalman
filter and ensemble nonlinear filters. Kalman filter techniques [10, 19] provide a stochastic
approach to the data assimilation problem. Consider a set of observations y at tr (assumed,
for simplicity, to be a linear function of model state, y = Hz). The extended Kalman
filter uses the forecast state and its covariance (z(tr), P(tr)) and the observations and their
covariance (y, R) to produce an optimal (“analyzed”) estimation of the model state and its

covariance (z(tr), Pa(tr)):

za(te) = z(tr) + P(te) H* (R + H P(tx) HT) ™' (y — Ha(tr)) (14)
Pu(tr) = P(tr) — P(te) H' (R + H P(ty) H") ™" H P(ty)

The computational expense of the Kalman filter (14) is extremely large because one needs
to invert the matrix R + HPH' and apply the tangent linear model to each column and
the adjoint model to each row of the covariance matrix [14]. The commonly used method
to reduce the computational cost is to propagate (only) the projection of the covariance
matrix onto a low-dimensional subspace (span{si,-- -, s;}). The ensemble Kalman filter [18]
uses a Monte-Carlo approach to define this subspace and to approximate the time-evolving
covariance matrix.

The subspace (i.e., the ensemble of perturbations at the analysis time ¢g) should contain
the directions si(tr) along which the error has the maximal growth. Consequently the
initial ensemble should be defined based on the total energy (or Hessian) singular vectors
sk(to). This approach is used at the European Center for Medium-Range Weather Forecasts
(ECMWF) to generate initial perturbations for ensemble forecasts [3, 5, 16].

2.3 Targeted Observations

Adaptive observations placed in well-chosen locations can reduce the initial condition un-
certainties and decrease forecast errors. A number of methods were proposed to “target
observations”, i.e. to select areas where additional observations are expected to improve
considerably the skill of a given forecast. Singular vectors identify sensitive regions of the
atmospheric flow and can be used to optimally configure the observational network.

Buizza and Montani [4] showed that TESVs can identify the most sensitive regions of the
atmosphere for targeted observations. They are useful as long as the linearity assumption
of error propagation holds [17]. Majudmar et al.[26] compare the TESV approach for obser-

vation targeting to the ensemble transform Kalman filter. Palmer et al. [33] argue that for
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predictability studies an appropriate metric is the perturbation energy. Daescu and Navon
[9] discuss the adaptive observation problem in the context of 4D-Var data assimilation.

3 Computation of Chemical Singular Vectors

In this section we discuss the computational challenges associated with the chemical singular
vectors and propose an approach for calculating TESVs accurately.

A numerical eigenvalue solver applied to equation (8) requires a symmetric matrix M* B M
in order to successfully employ Lanczos iterations, and to guarantee that the numerical eigen-
values are real. There are two approaches to computing adjoints: continuous and discrete. In
the continuous approach the adjoint of the continuous differential equations is derived, then
solved numerically. In the discrete approach the numerical solution is (considered to be) the
forward model and its adjoint is constructed. The symmetry requirement imposes to use the
discrete adjoint M* of the tangent linear operator M in equation (8). The computation of
discrete adjoints for stiff systems is a nontrivial task [34]. In addition, computational errors
(which can destroy symmetry) have to be small.

For a given model a symmetry indicator is constructed based on two random perturbation
vectors u(ty) and v(ty) which are propagated forward in time,

u(T) = Myy—ru(ty) and  o(7) = M0 (to) - (15)
The symmetry residual is the difference
r(r) = (u(r), Mj, o Mrev(7)) = (u(7), My Mroyiu(T)) (16)
If M* is the exact discrete adjoint of M then r(7) = 0 for all 7. However, both M and
M* are evaluated numerically and in practice we expect the symmetry residual 7(7) to have
small (but nonzero) values.

To illustrate possible problems with losing the symmetry we consider the SAPRC-99 at-
mospheric gas-phase reaction mechanism [7] which has 93 species and 235 reactions. The
forward, tangent linear, and adjoint models are implemented using the automatic code gen-
erator KPP [8, 11, 34]. Several numerical experiments revealed that the magnitude of the
symmetry residual depends on the choice of numerical integrator. Among the Rosenbrock
integrators available in KPP we selected Rodas4 [34] which performs best with respect to
symmetry. The variation of (7) with time is shown in Figure 1(a) (solid line). Surprisingly,
the symmetry is lost during the stiff transient at the beginning of the integration interval,
where the symmetry residual jumps from 10716 to 1072.

The loss of symmetry is due to the stiffness of the chemical terms. To understand this

behavior consider a singular perturbation model for the chemical system

v =f(y,2), €Z=gyz2), ex1. (17)
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Here y is the slow and z the fast component. Perturbations propagate through the tangent

linear model

oy’ = fy(y,2) 0y + f.(y,2) 6z , €d2' = gy(y,2) oy + g.(y, 2) 0z . (18)

For € — 0, the perturbation vectors in (18) are of the form

02 = =gy, 2) 94(y, 2) 8y - (19)

During the numerical computation of the eigenvectors ARPACK (or any other solver) gen-
erates vectors z = [0y, 6z]7 which do not satisfy equation (19). These vectors are the initial
conditions for the tangent linear model and are propagated forward, then backward through
the adjoint model, in order to evaluate the matrix-vector products M*BM x. Strong, artifi-
cial transients appear in the tangent linear model due to the fact that the initial perturbations
are away from the slow manifold described by equation (19).

To correct this we apply the tangent linear model on the initial perturbation for a short
time, which is equivalent to “projecting” the initial perturbation onto the slow evolution
manifold (19). The result is then used to initialize the subsequent tangent linear model run.
In order to preserve operator symmetry, another projection using the adjoint model needs to
be performed at the end of the adjoint integration. Consequently the matrix-vector products
are computed as

w = IT"M;

toste B Mg e 1l (20)
where IT and IT* denote the projection operations performed with the tangent linear and the
adjoint models respectively.

Numerical tests revealed that a small number of projection steps is sufficient in practice to
substantially enhance symmetry. Fig.1(b) presents the evolution of the symmetry residual
with the number of projection steps. The symmetry is markedly improved after only 2
projection steps.

Fig.1 (a) (dashed) presents the evolution of the symmetry residual when 6 projection
steps are performed with the very small stepsize of 107° seconds. The symmetry error
during the stiff transient is reduced to 107!,

We next extend these results to 3D chemical transport models.

4 3D Chemical-Transport Models

Chemical transport models solve the mass-balance equations for concentrations of trace
species in order to determine the fate of pollutants in the atmosphere [35].
Let ¢; be the mole-fraction concentration of chemical species 7, ; be the rate of surface

emissions, F; be the rate of elevated emissions and f; be the rate of chemical transformations.
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Figure 1: a) The variation of the symmetry residual with time shows a loss of symmetry
during the initial transient of the stiff ODE. (b) The symmetry residual decreases rapidly

with the number of projection iterations.

Further, u is the wind field vector, K the turbulent diffusivity tensor, and p is the air density.
The evolution of ¢; is described by the following equations

de; 1 1
gha _ —u-Vei+ =V - (pKVe)+ —filpc) + E; , ty <t <tp,
ot p p
ci(to,r) = ¢(z),
. . de;
¢i(t,z) = ¢ (t,x) for zel™, K% =0 for z el (21)
K % = V¢ —Q; for z el forall 1<i< Nypec -

We refer to the equations (21) as the forward model.
A perturbation §c° of the initial conditions will result in perturbations dc(¢) of the con-

centration field at later times. The evolution of these perturbations is governed by the

equations:
85(3,' 1
5 = U Ve, + EV - (pKVoc;) + Fi(pe)oc, to<t<tp
dci(to, ) = 6c;(z),
in 6661 out
dei(t,z) = 0 for zeI™, K@n =0 for zel", (22)
8501' de round .
K8 = V% for zeTI® , forall 1<i< Nypec -
n

Equations (22) are referred to as the tangent linear model associated with the forward model
(21). Here F' = 0f/0c denotes the Jacobian of the chemical rate function f, and F;, is its
i-th row.
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The continuous adjoint model associated with the forward model (21) (or, more exactly,
the adjoint of the tangent linear model (22)) describes the evolution of the adjoint variables
A

O\
ot
Ailte,2) = N (2) ,

Ai
P

— —V-(uA,-)—V-(pKV )—(FT(pc)/\)Z.—@, tp >t > 1

Ni(t,z) = 0 for zeI™, AﬂH—pK% =0 for z eI, (23)

pKa(gi/p) = V¥ for zeTlF™  forall 1<i< Nope.
n

The ground boundary condition is obtained from the fact that % -7 = 0 at ground level. The
forcing function ¢; depends on the particular cost functional under consideration [35].

The numerical solution operator for (21) is based on an operator splitting approach,
where the transport and the chemistry steps are taken successively. With 7 the numerical
solution operator for transport, and C the solution operator for chemistry, one step of the
solution operator reads

M = 7-At/2 <Cat - 7'At/2 " (24)
The tangent linear model of (24) is constructed from the tangent linear transport (7') and
chemistry (C') operators. As explained in Section 3 a projection onto the chemical slow
manifold (IT) is applied before each linearized chemistry,

5Cm+1 = TAt/g : CAt -1I- TAt/Q -0c™ . (25)

The discrete adjoint model is based on the discrete adjoints of the transport (7*) and chem-
istry (C*) numerical schemes. A chemical adjoint projection (II*) is applied after each adjoint
chemistry step,

AT = TZt/Z AT Oy - TZt/Q A4 " . (26)

5 Energy Norms

In numerical weather prediction models variables have different physical meanings (wind
velocity, temperature, air density, etc). The energy norms correspond to physical total
energy, potential enstrophy, etc. Such norms provide a unified measure for the magnitude of
perturbations in variables of different types.

In chemical transport models variables are concentrations of chemical species. Since all
variables have the same physical meaning, and similar units, we expect that simple L? norms
will provide a reasonable measure of the “energy of the perturbation”

Nspec

| oc||? :Z Z (5cf,j,k)2 = (dc, Béc) with B=1.

ik s=1
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Here c; ; , denotes the concentration of chemical species s at the grid point (i, 7, k) in the
discrete model, and dc;; , is its perturbation.

In practice we are interested to assess the influence of perturbations onto a well-defined
target area, and a given set of chemical species. In this case the perturbation energy measure
at the final time is defined in terms of a matrix with the diagonal entries equal to one for

the selected target variables and equal to zero elsewhere,

| 6c(te) ||? = Zz 5ngk —<5ctp B50t}?> with B =

target target
area spec.

I 0
o

Since concentrations of different species vary by many orders of magnitude we expect
that the perturbations of the more abundant species (e.g., CO) will dominate the total
error energy norm (27). To have a balanced account for the influence of all species it is of

interest to consider the directions of maximal relative error growth, i.e. the directions which

- < de(t , tp) >
o < (SC to) '

to) ’

maximize

(28)

This can be accomplished by using the logarithms of the concentrations logc; ; , as model
variables. In practice it is advantageous to approximate the relative errors by the absolute
errors oc;y, scaled by “typical” concentration values wy,

50;9’ k(tr) N ocij x(tr) dc(tr)

~ =
Ci ik (tr) wf,j,k(tF) c(tr)

~ W, 'oc(ty) where W, = diag; ., {wf,j’k(t)} .
and maximize

<Wt 156 tF) B thléc(tp) >
<Wt0150 to), A thldc(to) > .

One reason for this approximation is that the “typical” concentrations wy,, can be chosen

2 _

(29)

to be bounded away from zero. More importantly, having the weights independent of the
system state ¢ keeps the maximization problem (29) equivalent to a generalized eigenvalue
problem

M} Wi BWt My esi(to) = op AW, 2si(to) (30)

For the important case where A = I the generalized eigenvalue problem (30) is equivalent
to the following eigenvalue problem:

Wy, M,

tr—to

W' BW, " My Wi vi = o v, v, = Wi 'si(to) - (31)
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6 Numerical Results

The numerical tests use the state-of-the-art regional atmospheric chemical transport model
STEM [6]. The simulation covers a region of 7200 Km x 4800 Km in East Asia and the
simulated conditions correspond to March 2001. More details about the forward model
simulation conditions and comparison with observations are available in [6].

The computational grid has Ny x N, X N, nodes with N,=30, Ny=20, N,=18, and a
horizontal resolution of 240 Km x 240 Km. The chemical mechanism is SAPRC-99 [7] which
considers the gas-phase atmospheric reactions of volatile organic and nitrogen oxides in
urban and regional settings. The adjoint of the comprehensive model STEM is discussed in
detailed in [35]. Both the forward and adjoint chemical models are implemented using KPP
[8, 11, 34]. The forward and adjoint models are parallelized using PAQMSG [28]. PARPACK
[21] was used to solve the symmetric generalized eigenvalue problems.

The singular vectors s(Ny,Ny,N;,Ngpec) in equation (8) are four-dimensional. To visualize
them we consider separately the vector sections corresponding to different chemical species.
Further, each three-dimensional section is reduced to a two-dimensional “top” view by adding
the values in each vertical column, or to a two-dimensional “South” view by adding the values
in each North-South column.

Numerical results for different target regions, target species, simulation intervals, mete-

orological data, and energy norms are presented next.

6.1 TESVs for Different Simulation Intervals

We first consider the case where the target is the ground level ozone concentration in a
720 Km x 960 Km area covering Korea. The TESV analysis presented next will help answer
the following questions:

e In which areas will small changes in the initial conditions grow fastest to impact the

ozone levels over Korea after 12, 24, and 48 hours? What is their rate of growth?

e How should the initial perturbations be constructed for ensemble simulations in order
to properly describe the uncertainty in ground ozone predictions over Korea after 12,
24, and 48 hours?

e Where are additional observations needed the most in order to improve 12, 24, and 48

hours predictions of ground level Korean ozone?

The largest 12 singular values for 12h, 24h and 48h simulations started at 0 GMT March

1%, 2001 are shown in Figure 2. The rapid decrease of the eigenvalue magnitude indicates
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Figure 2: The dominant eigenvalues (A, = o7) for the 12h, 24h and 48h simulations. The
rapid decrease in magnitude indicates that uncertainty in the target region can be captured
by only a few TESVs.

that the uncertainty in the ground level ozone within the target region can be captured with
only a few TESVs. The eigenvalues decrease faster for longer simulation intervals.

The top and South views for O3 sections of the dominant TESVs for the 12h, 24h and
48h simulations are presented in Figure 3. TESVs are localized near the target area in both
the horizontal and the vertical directions. As expected, for longer simulation intervals the
singular vectors spread further away from the target region.

The first four dominant TESVs for the 12h, 24h, and 48h simulations starting at 0 GMT
March 1, 2001 are shown in Figures 3, 4 and 5 (O3 sections), Figures 6 and 7 (N O sections),
and Figures 8 and 9 (HCHO sections). A close look at the structure of the dominant TESVs

reveals that:

e For the same simulation the shapes of the four dominant TESVs are different. This
illustrates the fact that different TESVs contain different information about the areas

of maximal error growth.

e The eigenvectors evolve in time as the length of the simulation interval increases. They
tend to expand further away from the target, illustrating that perturbations in a wider

area at earlier times impact the target.

e The shapes and the magnitudes of the O3, NOy and HC HO sections are also different,
illustrating the different influences that these species have on ground level Os after 12h,
24h and 48h.
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Initial Singular Values | Ratio of Perturbation Energies
Perturbation (1Az(tr) |5/ ]| Az (to)||%)
along s (to) | 02 = 9.494 x1072 9.685 x 1072
along sy (ty) | 05 = 5.146 x1072 5.169 x 1072
along s3(tg) | o3 = 3.982 x1072 3.944 x 1072
along s4(tg) | 02 = 2.499 x10 2 2.573 x10 2
along s5(tp) | 02 = 1.756 x1072 1.741 x1072

Table 1: Singular values are well approximated by the ratio of perturbation energies for

initial perturbations along the dominant singular vectors.

In order to improve predictions of ground level Korean ozone additional observations are
needed in the areas described by the dominant singular vectors. Additional O3 measurements
have to be placed in a different location than additional NOy or HC HO observations. The
optimal location of observations changes in time and drifts away from the target area for

longer intervals.

6.2 The Linearity Assumption

Inherent in the TESV calculation is the assumption that small perturbations propagate
according to the tangent linear model dynamics. To assess the validity of this linearity
assumption we perturb the initial state with scaled versions each of the first five singular
vectors. The scaling is chosen such that the ground level ozone perturbations are ~ 5 —10%
of the reference ozone values. The perturbed initial state is propagated forward for 24 hours
using the full, nonlinear model. The perturbation at the final time is the difference between
the perturbed and the reference final states. The B-norms of the evolved perturbations are
divided by the A-norms of the initial perturbations. The results shown in Table 1 reveal that
the perturbation energy ratios approximate well the singular values. This confirms that the

linearity assumption holds (at least) for the 24 hour simulation interval under consideration.

6.3 Evolved TESVs

The perturbations initialized along each dominant TESV develop in time becoming “evolved
TESVs”. We are interested in the shape of these perturbations at the end of the 24 hours
simulation interval. The evolved TESVs (scaled to have the A-norm equal to one) are
displayed in Figure 10. The largest values of TESVs are clustered above the target region.

This is expected since the perturbations along dominant TESVs impact mostly the target
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area at the end of the 24 hours interval.

6.4 TESVs versus Adjoints

To illustrate the difference between the information conveyed by the TESVs and by the
adjoint variables we consider again the ground level O3 in the Korea target area and focus
on the 24h simulation starting at 0 GMT March 1, 2001. The cost function in the adjoint
calculation is the sum of squared ground level O3 concentrations in the target area. The
adjoint variables are computed through a 24h backward integration and are shown in Figure
11.

To assess the relationship between the adjoint variable A(¢y) and different TESVs s(%)
we consider the correlation coefficients py = (A(to), Ask(t0))/(||A(to)|| 4 ||sk(to)|l4). Specifi-
cally, we compute the correlations between individual (and homologous) sections of A(¢y) and
sk (to). The results are shown in Figure 12. For all sections the correlation of the adjoint and
the first TESV is the strongest. The O3 section of the adjoint in particular is very weakly
correlated with the remaining TESVs.

The comparison of adjoint variables with the TESVs (Figures 3-9) points to the following

conclusions:

e The adjoints have a similar structure with the first TESVs. The next dominant
TESVs(the second, the third, etc.) carry additional information about the areas where
changes have a high impact on the target. This additional information is not captured
by the adjoint.

e The adjoint covers a wider area following the flow pattern, while the singular vectors

remain localized, even for larger simulation interval.

6.5 Influence of the Meteorological Conditions

To assess the influence of different meteorological conditions on the TESVs we perform a 24h
simulation starting at 0 GMT March 26, 2001, for the same target (ground level O3 in the
Korea area). The meteorological conditions on March 26 were considerably different than
those on March 1, 2001.

The O3, NOy and HCHO sections of the four dominant TESVs are shown in Figure 13.
The structure of the TESVs is different than for March 1 (Figures 3-9).

6.6 Influence of the Energy Norm

We expect that the total energy singular vectors (TESV), i.e. the directions of maximal

error growth, will depend on the choice of error energy norms at the initial (A) and final



Liao, Sandu, Carmichael, Chai — “TESV Analysis for Atmospheric C'T'Ms” 16

time (B). All previous numerical tests used an energy norm at the final time based on the
ground level O3 concentration in the Korea area. We now consider the energy norm defined
over the same area by the ground level concentrations of 66 long-lived species. Since the
concentrations of different species differ by orders of magnitude, we scale each concentration
by a “typical” value for that species. This can be interpreted as a definition of the total
energy of relative errors at the final time. The “typical” concentration values are the mean
values of each species at ground level throughout the area of interest.

The first four dominant TESVs are shown in Figure 14. There are clear differences

between these TESVs and the ones computed previously.

6.7 Influence of the Target Region

The O3, NOy and HCHO sections of the dominant eigenvector for another 24h, March 1
simulation are shown in Figure 15. The target is ground level Oz over a region of the same
area, but located in South-East China (the gray area on the map). As expected, TESVs are
localized over the target area.

Another numerical test is performed for a target area that covers 24 grid cells over
Japan, Korea and South-East China. The magnitude of the largest eigenvalues decreases
at a slower rate, as shown in Figure 18. This is due to the target area being larger than
in the previous numerical experiments. About 30 eigenvalues are needed for a 2 orders
of magnitude decrease in the magnitude of the eigenvalues; therefore about 30 TESVs are
needed to accurately capture the uncertainty. The Oz, NO; and HCHOQO sections of the
dominant singular vectors are shown in Figure 16. TESVs are localized over China and
Korea; there are no lobes localized over Japan. Due to the Eastward pattern of the flow,
changes in initial concentration fields over Japan do not impact significantly ground Oj
concentration after 24h over the target region.

To further show the influence of the target region we consider a very large area with over
100 cells covering parts of China, Korea, and Japan (the gray area on the map in Figure
17). The magnitude of the largest 40 eigenvalues is shown in Figure 18. The decrease of
eigenvalue magnitude is slower for the larger regions, and therefore, more eigenvectors are
needed to capture the uncertainty. The Oz, NOy and HCHO sections of the dominant
TESVs are shown in Figure 17. The dominant TESVs are also localized to Korea and
South-East China. Note that the first few dominant TESVs are insufficient to accurately

describe the uncertainty.
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7 Conclusions

In this work we study the computational aspects of total energy singular vector analysis of
chemical transport models. Singular vectors span the directions of maximal error growth in
a finite time, as measured by specific energy norms.

To maintain the symmetry of the tangent linear-adjoint operator (M*M) it is necessary
to employ discrete adjoints. A projection method is proposed to preserve the symmetry of
M*M operators for stiff chemical systems. The application of this technique is extended
to 3D chemical transport models. Different definitions of the perturbation error norms are
discussed.

Numerical results are presented for a 3D chemical transport simulation of atmospheric
pollution in East Asia in March 2001. The singular values and the structure of the singular
vectors depend on the length of the simulation interval, the meteorological data, the location
of target region and the selection of target species, the choice of energy norms, and the size
of the target region.

Most of the uncertainty in the target region at the final time is determined by the
uncertainty along the dominant singular vectors at the initial time. The uncertainty (error)
growth rates along each direction are given by the corresponding singular values. For limited
target regions the singular values decrease rapidly, and a few dominant TESVs are sufficient
to capture most of the uncertainty. For large target regions the singular values decrease
slowly. The areas of influence are no longer localized, and uncertainty from all over the
computational domain contribute to the uncertainty in the target area at the final time. As
a consequence for data assimilation, small ensembles are sufficient if the observations are
localized, or if one seeks improved predictions over a relatively small, well defined region.

In order to improve predictions within the target region additional observations are
needed in the areas described by the dominant singular vectors. Additional O3 measure-
ments have to be placed in a different location than additional NOy or HC HQO observations.
The optimal location of observations changes in time and drifts away from the target area
for longer intervals.

The dominant TESV has a similar structure to the adjoint variable. The next TESVs
carry additional information about the high sensitivity areas, which is not captured by a
simple adjoint analysis.

The computation of singular vectors is computationally intensive. In our experiments 40
to 100 iterations were necessary for PARPACK to converge (taking between 8-16 hours cpu
time for a parallel run on 30 opteron processors). Each iteration includes one forward and
tangent linear model run and one adjoint run. The calculation of singular vectors is at least
as expensive as a full 4D-Var data assimilation cycle, where 20-30 iterations are typically
sufficient for a substantial decrease in the cost function [35].
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Figure 13: Dominant TESVs for the 24h simulation starting at 0 aMT, March 26, 2001
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Figure 14: Dominant TESVs for the 24h simulation for 66 species in the target



Liao, Sandu, Carmichael, Chai — “TESV Analysis for Atmospheric C'T'Ms”

48

Latitude (N)
8

“““ Neg. isosurf: —4.8e+01; —3.2e+01; —1.6e+01;
—— Pos. isosurf: 1.6e+00; 3.2e+00; 4.9e+00;

24
16
100 110 120 130 140 150
Longitude (E)
st
1%t TESV (Os
“““ Neg. isosurf: —4.0e+01; —2.6e+01; —-1.3e+01;
—— Pos. isosurf: 1.6e+01; 3.1e+01; 4.7e+01;
48
40

Latitude (N)
8

24
16
100 110 120 130 140 150
Longitude (E)
nd
ond TESV (Os)
“““ Neg. isosurf: —4.0e+01; —-2.7e+01; —-1.3e+01;
—— Pos. isosurf: 1.3e+01; 2.7e+01; 4.0e+01;
48

Latitude (N)
8

24
16
100 110 120 130 140 150
Longitude (E)
rd
34 TESV (O;)
“““ Neg. isosurf: =3.2e+01; —2.1e+01; —1.1e+01;
—Pos. isosurf: 1.4e+01; 2.7e+01; 4.1e+01;
48

Latitude (N)
w
N

[N
S

16|

100

110 130 140

120
Longitude (E)

4% TESV (O;)

48

Latitude (N)
8

“““ Neg. isosurf: —6.6e—02; —4.4e-02; —2.2e-02;
——Pos. isosurf: 2.6e-03; 5.2e-03; 7.8e-03;

16|

100 110 120 130 140 150
Longitude (E)
st
158 TESV (NO,
“““ Neg. isosurf: —4.3e—02; —2.9e-02; —1.4e-02;
——Pos. isosurf: 2.2e-02; 4.4e-02; 6.6e-02;
48
40

Latitude (N)
8

24
16
100 110 120 130 140 150
Longitude (E)
nd
224 TESV (NOy)
“““ Neg. isosurf: —6.0e—02; —4.0e-02; —2.0e-02;
——Pos. isosurf: 1.7e-02; 3.5e-02; 5.2e-02;
48
40

Latitude (N)
8

24
16
100 110 120 130 140 150
Longitude (E)
rd
314 TESV (NO,)

“““ Neg. isosurf: —4.9e-02; —3.2e-02; —-1.6e-02;

——Pos. isosurf: 1.9e-02; 3.7e-02; 5.6e-02;
48

Latitude (N)
w
N

N
PN

16|

100

110 130 140

120
Longitude (E)

4t TESV (NO,)

32

“““ Neg. isosurf: —4.8e—04; —3.2e-04; —1.6e-04;
—— Pos. isosurf: 2.0e-05; 3.9e-05; 5.9e-05;

481

Latitude (N)
w
N

241
16k
100 110 120 130 140 150
Longitude (E)
st
1% TESV (HCHO
“““ Neg. isosurf: —=7.0e—04; —4.7e-04; —2.3e-04;
—— Pos. isosurf: 1.7e-04; 3.5e-04; 5.2e-04;
48[

Latitude (N)
w
N

24+
16k
100 110 120 130 140 150
Longitude (E)
nd
ond TESV (HCHO)
“““ Neg. isosurf: —6.1e—04; —4.0e-04; —2.0e-04;
—— Pos. isosurf: 1.3e-04; 2.6e-04; 3.9e-04;
48
40F

Latitude (N)
w
N

110 120 130
Longitude (E)

3" TESV (HCHO)

140 150

“““ Neg. isosurf: —2.6e-04; —1.7e-04; —8.6e-05;
——Pos. isosurf: 2.4e-04; 4.7e-04; 7.1e-04;

Latitude (N)
w
N

N
PN

16k

100

110 20 130 140

1
Longitude (E)

4t TESV (HCHO)

Figure 15: Dominant TESVs for the 24h simulation starting at 0 GMT March 1, 2001. The
target is ground level O3 over the gray region in South-East China
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Figure 16: Dominant TESVs for the 24h simulation. The target is the 24-cell area covering

Korea, Japan, and East China.
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Figure 17: Dominant TESVs for the 24h simulation target at a Large area
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Figure 18: The dominant eigenvalues for simulations on 24-cell and large target areas.



