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This paper presents a general framework for the discretization of particle dynamics equations by projggtion
methods, which include Galerkin and collocation techniques. The framework enables a unified and simultapeous
numerical treatment of different dynamic processes like coagulation and growth. Based on the framewgyk a
discretization over piecewise polynomial spaces and a spectral discretization are discussed. Numerical exgomples
are given using both linear and logarithmic coordinates.
0 2003 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction 27
28

As our understanding expands, new processes are incorporated into air quality computer modelé’ One
example is particulate matter (aerosol) processes, the importance of which is now widely recogrifzed.
Aerosols are now a priority focus area in environmental science due to the leading role they play*as a
cause of adverse human health, and their ability to scatter and absorb incoming solar radiation and thus
modify warming due to greenhouse gases and reduce visibility. To accurately study the effects of aefdsols
it is necessary to resolve aerosol number and mass distributions as a function of chemical comp3§|t|on
and size.

In this paper we develop a framework for solving the aerosol dynamics equation, which determiines
the size distribution of atmospheric particles. Approximations of the size distribution are con&dere& jna
suitable finite-dimensional space. The discrete equation is obtained by projecting the dynamics equatlon
onto the discrete space (using a Galerkin or a collocation approach). This approach leads to a blsﬁnear
system of coupled ordinary differential equations, which can be solved by a time-stepping method of

42
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choice. For simplicity the framework is developed for number densities of single-component particles,
but it can be directly extended to mass or volume densities and multiple component particles. 2

To illustrate the general approach, we consider discretizations over piecewise-polynomial spaées as
well a spectral approximation approach, which can also be cast in the proposed framework. A linéarly-
implicit second order time-stepping method is proposed for the time integration. Numerical examples
show that good accuracy is obtained with a relatively small number of grid points. 6

The paper is organized as follows. Section 2 presents the particle dynamics equations and Seétion 3
surveys previous efforts to solve these equations numerically. The discretization framework is introduced
in Section 4 for number densities; Sections 4.9 and 4.10 present extensions to volume densiti€s anc
multiple component particles. Section 5 discusses the discretization over piecewise polynomial spaée anc
Section 6 discusses the spectral discretization. Numerical results are shown in Section 7, and Segtion &

draws conclusions and pinpoints future work. 12
13

14
15
16

2. Thecontinuous particle dynamics equation

In this paper continuous particle size distributions are considered functions of particle valum 17(
and time (). The size distribution function (number density) of a family of particles will be denoted
n(v, t); the number of particles per unit volume of air with the volume betweandv + dv isn (v, ¢) dv.
Similar formulations can be given in terms of volume, surface, or mass dendiled-pr simplicity
we consider single component particles, but the discretization techniques can be directly generalized to
multiple components. ”3
The aerosol population undergoes a series of physical and chemical transforn@tevtb.processes ,,
include condensation, evaporation, deposition and sublimation (of gases to/from the particle surface).
The growth of each component’s volume takes place at a rate that depends on the particle’s dimgpsion
and composition, @/dr = I (v). Coagulation forms new particles of volume + w from the collision ,
of two smaller particles of volumes and w; the collision rateg, ,n(v)n(w) is proportional to the g
number of available small particles and to the coagulation ketngl Nucleation of gases creates small ,
particles.Emissionsincrease the number of particles of a specific composition and size, depidsition
processes remove particles from the atmosphere. In addition, the constituents interact chemically jpside

each particle, changing the chemical composition (but not the number) of particles. -
Under the above physical transformations the number density changes according to [ 33
on(v,t) 34
= —3[I(w)n(v,1)]/dv 5
1 v o 36
+5 f Bo—wwn(v —w, Hn(w, 1) dw —n(v, 1) f Bu.wn(w, 1) dw w ¥
38

0 0
+ S(v, 1) = R(v,t)n(v, 1), 3

40
41
The different terms in Eq. (1) describe, in order, the modification in the number of particles due to growth,
creation of particles of volume by coagulation, loss of volume particles due to coagulation, increases

in particle number due to nucleation, emissions and depositions (sources and sinks). Each of theserms

n(v,0) =nv), n(0, 1) = 0.
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1 will be explained in detail below. The equation is subject to a specified initial condifian, and the 1
2 boundary condition of no zero volume particles. 2
3 In practice one assumes that the particle population has a nonzero minimal volume and a inite
4 maximal volume, i.e., the dynamic equation is solved on a finite volume intBrya@, Vimaxl- 4
5 5
on(v,t)
6 =—0[I(v)n(v,1)]/dv 6
7 ot 7
v—"Vmin
8 8
0 t3 Bo—wwn(v —w, Hn(w, 1) dw o
10 Vmin (2) 10
Vmax
11 11
12 —H(U,t) / ﬁv,wl’l(w,t)dw—i‘s(v,t)—R(U,t)n(v,t), 12
13 Vimin 13
14 n(,t=0=n’w),  n(Vain,1) =0, 14

-
[&)]

Note that this equation is no longer self-consistent; Wi, < v < 2Vuyin the upper integration limit 1

is smaller than the lower integration limit in the positive coagulation term; we therefore mtroducel;he
convention that the positive coagulation term is zero whenever the upper limit is smaller than the Iower
integration limit.

Particle sizes span orders of magnitude, and to reveal the particle distribution logarithmic coordlnates
are popular. If we denote

NN B PR R
P O © ® N o

21

22 x =logv, y =logw, Xmin =109 Vinin, Xmax= 109 Vinax. 22
23 23
,, the dynamics equation becomes 24
25 an(_x’ t) —x 25
o6 Py A[1(x)n(x,1)]/0x o6
27 1 log(e* —eXmin) 27
o +3 [ Boeonn(og(e =€) )ntr.0e oy .
30 Xm‘)”(max @)
31 31
- —n(x,t) / Bryn(y, t)ed dw + S(x, 1) — R(x, t)n(x, 1), -
33 o Xmin 33
34 n(x,0) =n"(x), n(Xmin, 1) =0. 34
35 35
36 36
37 3. Previouswork 37

w
[e9)

38
Three major approaches are used to represent the size distribution of aerosols: continuous, discrete
and parameterized. In this paper we focus on the numerical approximations of continuous modelsdi.e.,
of continuous size distributions and of the general dynamic equations in continuous form). 41
For computational purposes one needs to use finite-dimensional approximations of the continrious
size distributions. In thesectional approach the size domairw € [0, oc] is divided into size bins 43
v € [VI.'OW, Vih'gh). In each size bin there aren; particles per unit volume, all of them having thes

A A b D D W
A W N B O ©
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same mean volumeg;. variations of this approach include thél-moving structure, theuasi-stationary 1

approach, as well as thenoving-center structure 0. 2
A nice survey of several popular numerical methods for particle dynamics equations is given in Zhang
et al. 5. 4

The integro-differential coagulation equation is difficult to solve accurately, due to the fact thatsthe
limit of integration of the first term depends on the variabland the integrands are quadratic (the first
term is of nonlinear Volterra type in the terminology of integral equations). The standard discrete version
of the coagulation equation uses a monomer size distribution (the volume of the particles in bin &ach
i is a multiple of the smallest volumé/; =i Vy,i =1, 2,...). The semi-implicit scheme to solve the?
discrete coagulation equatio®d is discussed by Jacobson i, Section 1p The differential equation 10
is discretized in time using backward Euler formula, and the quadratic teym&)n,(r) are replaced 11
by the “linearized” versiom ;_,()n(t — At), whereAt is the numerical time step size. The scheme can
be adapted to general size distributions, and admits a volume-conserving formulation. 13

A combination of cubic splines (coagulation) and moving finite element techniques (growth part)was
used by Tsang and Hipp24]. Meng, Dabdub and Seinfeld §] present a size-resolved and chemicallyis
resolved model for aerosol dynamics in a mass density formulation. Gelbard and Séirfglddlve 16
the coupled dynamic equations using orthogonal collocation over finite elements. Lushhikaxsgs 17
generating functions to solve analytically the coagulation equation for particles consisting of monoraers
of two kinds, under the assumptions of a constant coagulation k@il particular initial distributions. 19
Pilinis [18] derives the dynamic equations for multiple component particles and solves the equations
using a Galerkin technique with linear elements. 21

The growth equation in number densities has the form of an advection equation, with the “flow spged”
equal to the time derivative of the volumgd, Section 1R A nice survey of several popular numerical23
methods for the growth equations is given in Zhang et?4]. Different solution methods for the growth 24
equations were proposed i8,9,12,13 Dhaniyala and Wexler4] compare several numerical schemegs
for modeling aerosol growth. Nguyen and Dabd@b] [use a semi-Lagrangian approach for solving thes
growth equation. 27

Many models include different processes successively, using a time splitting scheme. This errables
the use of numerical methods tuned to each subprocess but introduces hard-to-quantify splitting egrors.
A comprehensive discussion is given in Wexler et ak][ Simultaneous solutions of all dynamicso
processes are given i648,15,18,2}4 31

This paper generalizes the previous work®f],1§, in that it defines a framework that encompasse®
both Galerkin and collocation methods and leads to the general form of the discrete equations. Particular
discretization methods are built based on the framework formulation using piecewise polynomial

elements and spectral elements. 35
36

37
4. A general framework for discretization 38
39
We solve Eq. (1) by a semi-discretization in particle sizg {ollowed by a time integration of the 4o
resulting system of ordinary differential equations. The semi-discretization in size is done by projeeting
the solution on a finite-dimensional subspace $paw), ..., ¢;(v)}; this generalizes the sectional42
approach. The dynamic equation is imposed to hold exactly in a certain subspace (Galerkin approaeh) or
at a certain set of nodes (collocation approach). 44
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4.1. Discretization of the particle size distribution

The continuous number distribution is given a finite-dimensional approximationgiiat <, be a
set of continuous basis functions; then

n(,t)= Zni(t)(pi(v), ¢; (v) = basis function (4)

i=1

© 00 N o g b~ W N P
© 00 N o o b~ W N

The set of time-dependent expansion coefficients

n() = [ni@),...,n,0]", (5)

will be determined from the dynamics equation.
The representation (4) places the problem in the general framewaqiojettion methods [1]. For 13

exampleg; can be piecewise polynomials or can be orthogonal polynomials. The result is a continuous

distribution n(v, t). Higher order approximations can be obtained by increasing the order of the basis
functions without changing the number of bins 16

We note in passing that the full-stationary sectional approach can be formally cast into the fornwv (4)
by using Diraé basis functions; (v) = §(v — V;). For this reason we extend the sectional interpretatioa
and call spang;} the size bin i, and refer to:; as the number of particles bin ;. 19
20

Logarithmic coordinates. In logarithmic coordinates the basis function arguments are changed acc#rd-

ingly, ¢; = ¢; (x). 22

23

[any
o
[y
o
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4.2. Coagulation 24
25

26
27
28

NN
o o

The theoretical coagulation equation for single-component particlé$ jsSection 1p

NN
0 ~

ad
2 ”(v H_ / B wnt(v — w, Hn(w, 1) dw — n(v, 1) / B wn(w, 1) duw. 6) 20
30 30
31 31
32 4.3. The Galerkin approach 32
33 33
34 To obtain a discrete form of the coagulation equation one inserts (4) into (6): 34
35 35
36 s 36
57 > nit)eiw) = > Z an(z)nmm f Bo—w.wk (v — W)y (w) dw 57
38 i=1 k 1m=1 38
39 39
40 - Z an(mnm(r) / Bu.wi (V) (w) dw. 0
41 =1 m—1 41

IN
N

42
43

1 Recall thaw (x) = 0 for x # 0, §(0) = oo, andj”s FO)8(x — Viydx = £(V)). 44

N
w

IN
iN
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1 Here (and from now on);(¢) denotes the time derivative ef(¢). The resulting equation is multiplied 1
2 by the test functior§; (v) (j =1, ..., s) and integrated from» = 0 to co to obtain a system of ordinary 2
3 differential equations 3
4 4
5 5
. o]
6 $ 6
7 PAG) f ¢ (V)E; (v) dv ;
8 i=1 0 8
9 o v 9
10 1< 10
" =522 mOn(® / ( / B wi (v = W)y (w) dw)é,-(v) dv "
12 k=1 m=1 0 0 12
13 o oo 13
14 S 14
e =YY mOny@® / ( / ﬁv,mm(w)dw)@(v)sj(v)dv. M
k=1m=1 0 0
16 16
17 . . . . - 17
15 We build the following matrices of integral coefficients 18
19 19
- 00
20 20
21 A = /‘f’j (V)& (v) dU:| ) 0
22 -0 1<ijss 22
- o v
23 , 1 23
24 B’/ = E (/ﬂvw,wd)k(v - w)¢m(w) dw)Sj (U) dvi| 5 (8) 24
25 - 0 ‘o 1Sk,mss 25
- OO oo
26 ) 26
27 c/ = f ( f Bu.wbm (w) dw)d)k(v)éj(v) dv] AN 27
28 Lo 0 1<k, m<s 28
29 29
30 If n(z) is the vector of number concentrations (5), Eq. (7) becomes 30
31 31
32 n'(t) (Bt — CYHn(t) 32
3 Aﬂ/(l) = . (9) 33
34 34
35 n'(1)(B* — C)n(1) 35
36 _ . Lo . . 36
s, One canregar® andC as 3-tensors, in which case the semi-discrete coagulation equation reads
38 38
39 An'(t)=[(B = C) x n(t)] - n(1). (10) 3o
40 40
41 Inthe pureGalerkin approach ] {¢: (v)} = {& (v)} are (piecewise) continuous basis functions. Eq. (9) is
42 relatively expensive to solve, since one has to evaluate a large number of double integrals for buildirg the
43 tensorsB andC. If (v, w) does not change in time one can compute the tensors once and reuse them
44 throughout integration, thus making the whole process computationally feasible. 44
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1 Logarithmic coordinates. In logarithmic coordinates the coagulation tensor entries become 1
2 Xmax log(e* —eXmin) 2
3 ; 1 ' 3
o B3 8w [ ps@eme dids, 4
5 Xmin Xmin 5
6 wherez(x, y) =log(e* — ¢”), (11) s
7 Xmax Xmax 7
° Clw= / e (0§ (x) / Brybn(y)e” dy dr. °
9 9
10 Xmin Xmin 10
11 4.4. The collocation approach 1
12 12
13 In the collocation approach{¢; (v)} are continuous basis functions, but the test functions are delt&s,
¥ & () =8(v — V), with vV the collocation points. The resulting equation is also of form (9), but tHé
15 mtegral coefficients to be computed simplify to
16 16
17 [('bl( )]1<1 ,J<s? 17
18 1 18
19 B/ = E/ﬂv,?-w,wd)k(vjc— w)ﬁbm(w)dw} . 1<j<s, (12) 1
20 L™ % 1<k, m<s 20
21 _ o 21
” ¢/ = (V) | Bvewm(w)d 1< < 2
23 = | V] V5w (w) tw ’ SIS 23
" L 0 1<k,m<s 24
»5  This approach is computationally less expensive since all coefficients involve only simple integrals. Note
26 that if the basis functions have the interpolation propexiyy;) =0 for i # j and¢,;(V;) = 1 then the 26
27 “mass matrix’A is the unit matrix. 27
28 28
20 Logarithmic coordinates. In logarithmic coordinates the tensor entries are 29
%0 |Og(eX§ —eXmin) 30
31 i 1 v . s 31
% Bim =3 / Prog's -on, HH(109(€7 = €))dm ()e” . %
33 Xnmin (13) =
34 _ Xmax 34
35 C[i,m = ¢k (X;) / ﬂX‘If,yd)m ()’)ey dy 35
36 ' 36
Xmin

37

A note on the coagulation kernel. The coagulation kernes, ,, is usually assumed to depend only orss

particle size (but be time-independent on large time periods and concentration-independent). Wit this
assumption the discretization three-tensors can be computed only once, and then used througheut the
simulation, which leads to considerable computational savings. If the coagulation kernel changes irtime
Buv.w(?) then the tensors will need to be recomputed periodically (e.g., at each update of the meteorolagical
fields). Finally, if the kernel depends on the chemical composition of the particles then the tensors4aeed
to be recomputed at each time step. 44

A A D D D W W W
A W N P O © © N
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1 45, Growth 1
2 2
3 Growth processes include condensation, evaporation, deposition and sublimation (of gases to/frém the
4 particle surface). Consider again the case of single component particles. The growth equation in ndmber
5 densities 5
6 q 6
on(v,t) 0 v(t)
7 ) 7
=——I|I(WnW,t|, 1) = , 14
. a7 av[()( )] (v) & ()8
0 n(0,1)=0, n(v,0)=n©), (15) o

[any
o

10
has the form of an advection equation, with the “flow speed” provided by the time derivative of the

volume. This equation is to be solved subject to an initial distributitf) and the boundary condition ,,
of no zero-sized particled p, Section 1R
A similar derivation process (as presented for coagulation) leads to the semi-discrete formulatlgp of

[ = S = S =
2 W N R

15 the growth equations 15
r An'(t) = Gn(1), 16) °
17 17
18 where 18
19 0 0 19
20 / 20
° = [ [erwaw dv} . G= [ [ 1o w dv} . an ®
0 0 1<, j<s 0 1<0,j<s o
23 For G we have used one integration by parts and homogeneous boundary conditiea® andv = co. 23
24 For the Galerkin approach uge= ¢;. For the collocation approach one obtains 24
25 25
26 A= [¢j (Vic)]1<i.j<s’ G= [_ d[éd)j] (Vzc)] : (18) 26
27 S v 1<i,j<s 27
28 28
29  Logarithmic coordinates. In the logarithmic Galerkin formulation (3) the matrix entries read 29
30 Xmax Xmax 30
31 d d, _ 31
2 A= / ¢ (x)¢; (x)dx, Gij= f al(x)fﬁj(x)a(e 3 (x))dx (19 .,
33 Xmin Xmin 33

w
S

34

35

(20) *
37

38

4.6. Sources and sinks 39
40

Sources and sinks (i.e., emissions, nucleation and deposition processes) have a simple mathematice

formulation, 42

43
a”(a'; D S, 1) = R, Onv. 1), (1)

while for the logarithmic collocation they are

e X0 —d[éfj] (Xf)

W W
[ )]

Aij=¢;(X7), Gij=-

A A D D D W W W
A W N P O © © N
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1 The simplicity comes from the fact th&tand R terms are not coupled across different volumes; finite-
2 dimensional approximations of these terms can be given 2
3 s s 3
4 Sw.H=Y SiOg),  R.n=) R(t)g:), 4
5 i=1 i=1 5
6 which leads to the discrete evolution equation 6
: n'(1) = S(t) — R(On(), 22 !
9 Where 9
10 S =[S10), ..., 8] and R()=diagRi(®), ..., R,(®)]. 10
11 11
12 4.7. Smultaneous discretization of the dynamic equations 12
13 13
14 Of particular interest is the coupled solution of coagulation, growth, nucleation, emissions 1and
15 deposition. The coupled approach will, for example, better capture the competition between nucleation
16 of new particles and condensation on existing particles for gas-to-particle conveétSjon [ 16
17 For single component particles combining (9), (16) and (22) gives the semi-discrete aerosol dynamics
18 equation 18
19 An'(t) = Gn(t) +[(B — C) x n(t)|n(1) + AS(t) — AR(D)n (1) . (23) ¥
”n growth coagulation sources deposition 2
22 This is a system aof coupled ordinary differential equations. The discrete initial conditions 22
23 n(0) = n° (24) =
z: are derived by projecting the continuous initial distributieg{v) onto the finite-dimensional solution Z
space,
26 26
27 : T 27
o8 no(v) = Zn?qﬁi (v), n® = [n‘i, e, ng] . o8
29 i=1 29
30 4.8. Timeintegration 30
31 31
32 The system (23), (24) can be solved by any appropriate time-stepping method. The system $ias a
33 particular form: the growth term is linear, while the coagulation term is bilinear. This makes it eas$#to
34 express the Jacobian for implicit methods. 34
35 Particularly attractive are linearized versions of the implicit numerical methods which avoid iteratve
36  solutions. The following linearized backward Euler time discretization has second order time accufacy
37 for the coagulation term: 37
38 At 38
39 An (lk+1) = An (lk) + 7.](:06‘9(11 (lk))n(lk+1), (25) 39
2(1) where the Jacobian of the coagulation term is 2(1)
Tl
42 n'D 42
43 J%Yp) = 3 D' = (Bi —Ci)+(Bi _Ci)T’ 1<i<s. (26) 43
44 44

n' D’
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1 This can be coupled with the Crank—Nicholson method for the growth and source terms to obtain the
2 second order, non-iterative scheme 2
3 3

At

. (A () + G+ AR(tkH)])n(tkH) :
5 5
6 At k X At 1 k 6
; :(A+?[G+AR(t )])n(t )+ S + ()] @) °
8 8
9 4.9. Extension to volume densities 9
10 10
n The framework can be easily extended to treat volume, surface, or mass densities. For examp’ré the
2 volume densitW(v, t) = vn(v, t) can be discretized as
13 13
14 a 14
e V. =3 Vi), e
16 i=1 16
17 The aerosol dynamics equation for volume densities is 17
18 18
1 oV(v,t)/0t 1
20 =—B[V(v,t)I(v)]/Bv—i—V(v,t)I(v)/v (growth) 20
21 v ﬂ 21
22 + / 2PV — w, H)V(w, 1) dw  (coagulation) 22
23 w 23
24 24
25 Bo. vy 25
o6 —V(v, t)/ w, 1) dw o6
27 27
28 + S, 1) —R(v HV(v,t) (sources, deposition) (28) 28
zz A discretization of Eq. (28) can be obtained following the framework approach; one obtains a dlscrete
a system of the form (27) with B, C and G redefined accordingly. a
32 . . 32
.3 410, Extension to multiple components a3
34 . . . . 34
35 Complex models treat particles composed of multiple chemical constituents,(vet), g =1,...,m
s Dbe the volume of thegth chemical component in particles of volumgthe multi-component aerosol ;4
37 population is described by the individual volume densities of each consthentr) = v, (v, Hn(v,t); 4,
ss the total volume of component (per unit volume of air) contained in all particles having individual,
39 Vvolumes betweem andv 4 dv is V¥ (v, t) dv. Under these transformations the volume densities of eagh
w0 constitueni(v,t), g =1,...,m change according t&[14 40
41 41
4o oVi(v,t)/0t 4o

43

44
k=1

3 -9 |:V‘1(v, ny. Ik(v):|/8v +V(v,1)I,(v)/v (growth)
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! ﬂvfw,qu V d | . 1
2 + S (v—w,)V(w, t)dw (coagulation) 2
3 0 3
4 00 4
5 —Vq(v,t)/ﬂv’wV(w,t)dw 5
6 w 6

0
7 7
8 + S,(v,t) (sources 8
9 — R,(v,)VI(v, 1) (deposition) 9
10 1 _ . 10
u +K(V4 ...,V 1), g=1,...,m (chemistry) (29) L
12 whereV(v,t) = Zg'zl V4 (v, t) is the total volume distribution; tha integro-differential equations are 12
13 coupled throughV(v, r) and K (VL, ..., V" t). The system (29) is subject to the initial and boundari?
4 conditions 14
15 0 15
16 V"(v,t:O):(V") v), Vi(v=0,t)=0, ¢g=1,...,m. (30) 16
17 3 . . . ) 17
18 Egs. (29), (30) can be discretized in size using the same approach. For each component volume one has
19 s 19
2 Vi, =Y Vg, VO=VI(V,0, g=1...m, (31) 20
21 i=1 21
22 and the semidiscrete system reads 22
23 23
24 d . I (Vl) m 24
25 qu(I) = GVI(1) + d'a91<i<y< qV‘ ) : ZVk(f) 25
26 ! k=1 %
27 growth 27
28 m 28
29 +[B=C)x > V@) |- V(@) 29
30 =1 30
3 coagulation 3
32 32
33 + S —RMO+K(VL ..., VL), g=1...,m. 33
34 nucl+em dep chem 4
35
3 1he matrixG and the tensorg andC are redefined according to (29). Note that the s@me, C are
37 used for all chemical componenjswhich makes the method efficient. 37
38 38
39 39
420 5. Piecewise-polynomial discretization 40
41 41
42 Consider now the discrete space of piecewise-polynomials of order smaller than or equal 4o
43 P.(Vmin, Vmax. We assume that — 1 is a multiple ofr; the functions are polynomial on each interva#3
44 [Viger, Viyesnrl- A basis of P, is provided by the Lagrange polynomials in each interval, with the
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1 r+ 1 nodes given bWy, Vouyr, ..., Virrier- Thus, the basis functiong have compact support, aret
2 piecewise-polynomials of order less than or equal &md satisfy the relation 2
j oV {1, fori = j, j

i(Vj)= . .
5 0, fori#j. 5
6 The discrete approximation 6
7 s s 7
8 n(. )=y n(Vi,)$i(w) =Y _ ni(t)gi (v) 8
9 i=1 i=1 9
10 is the orderr piecewise-polynomial interpolant of(v, ) with nodesV;. Let h = max |V; 4 — V;|. 1°
1 Assuming smooth solutions(v, ¢) the interpolation order is 1
12 12
S

13 . il 13
" n(,1) = ) n(Vi, ;)| = O(h"*). e
15 i=1 15
16 Ingeneral one expects that the approximation order is given by the interpolation order. 16

A direct approach is to consider the system as being discretized first in time then in size. Thetime
integration method (25) applied to the coagulation system leads to the linear second order Fregholm

[
o ~

19 equation (with unknown function(v, t**1)) 19
20 A + 20
t w w, w
21 n(v, 4% = n(v, 1) + /ﬁv waw T B n(v — w, %) (w, %) dw 2
22 22
23 23
24 At 24
- — 7n(v,tk+l)/ﬂv,wn(w,tk) dw -
26 0 26
27 At x® 27
28 - 7n(v,tk)/ﬁw,vn(w,tk+l) dw. (32) 28

N
©

29

w
o

The Galerkin or collocation discretization oVEr(Vimin, Vmax compute a solution which apprOX|mates 50
n(v, t**1) with an accuracy of Q" +1) [1, Section 3.1

In practice the observed convergence orders may be faster than this theoretical bound (* superconver-
gence”), especially if one considers node point values. For example, the collocation method approxmates

W W W w
A W N P

35 A ”
% t) / ﬁVI‘»",wn(w, t) dw ~ Z nk(t)”m(t)cli,m >

w
[e9)

38

(Z ne (e (V )/ﬂvc w(an(I)(ﬁm(w)) dw. 4312

k=1

AOD W
= O ©

41
If the collocation points are the node |oom’(/5C =V, thenn(V;, 1) = Y ;_ n(O)¢r(V;) by the 2
interpolation requirement. For smooih the term fo ﬁvc w1 (g (w) dw) is a weighted 43
Newton—Cotes approach for integration, therefore ig even the negative term is approximated withia4

I
A W N
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O(h"*?). However, this does not hold for the positive coagulation term (consider, for example, ithe
casej =1). 2

The collocation method is less expensive computationally and provides the same order of accuracy, so
in principle it is to be preferred. Note at this point that if the collocation points are the node points then
the mass matriy is the identity matrix, and the tens6éris 2-dimensional, 5

Cj = |:8k,j\/‘,3\/]?,w¢)m(w) dwi| s 1< _] < S.
0

1<k,m<s

© 00 N o g b~ W N P

6
7
8
9
The order of accuracy shows how to carry out the numerical evaluation of integral coefficiéght€. dfre 4
approximated within @."*+1) the order of accuracy remains unchanged, and if the integral coefficients,are
approximated within @:"2) the integration errors become negligible when compared to discretizatign
errors for smallk. One can use a Gaussian quadrature Vith 1) — 2 nodes. 13
The pure Galerkin approximation of the growth term is accurate to ordén(QL1, Section 9.3 Note 4,
that an upwind Petrov—Galerkin method is more appropriate to ensure stability of the hyperbolic grgwth
term, in which case the order of approximation may h@'®®); a discussion is outside the scope of
this paper. The collocation method for piecewise polynomial basis functions cannot be directly exteppded
to the growth term due to non-differentiability at node points (which were chosen to be the collocatjon
points also). 19
This discussion leads to the following idea for atkO™!) discretization of the coagulation-growth ,,
equation. Discretize the coagulation term using collocatior’oand use a Galerkin approximation on,,
P,11 for the growth term. Replace the integrals by repedig@]-point Gaussian quadrature on each,
[Vi, Vi+1] subinterval. Matricest andG are then defined using the basis polynomial®af;, while the ,,
tensorsB andC are computed from the basis functions®f Using the timestepping formula (27) the,,
combined numerical method for coagulation-growth can be written as 25

<A - %Ajcoag(n(tk)) — %G)n(t"“) = <A + %G>n(tk)- 23

W N NN DN DN DN DN DNDNDN R PR P P P P P PP
O © 00 N o O » W N P O O 0 N O g b W DN P O
NN
© 0o

6. Spectral discretization 30
31

In this section we review some important aspects of spectral interpolation. Consider thessetspf
Chebyshev points in the intervB¥min, Vimax (cf. [22]) 33

Vinax — Vi i—1 34
Vj=Vmin+M[l—cos<J ln)], j=1...s. (33) 35

W W W w
A W N P

w
a

2 s —

36
Let f(v) be a function or € [Viin, Vmax, @nd p(v) the unique interpolation polynomial of degree af,
mosts — 1 such that

W W w
0 N O

38
p(Vi) =1y, j=1...5. 29

The polynomial can be expressed in terms of the Lagrange basis functions associated with the Chef&she\

set of points (33); then 4

A D D W
N B O ©

42

(v—1V,
= i@ = V) for all i. @4 ¥
]_[k;ﬁ[(‘/i - Vk) 44

N
w

p)=Y_ f(V)L@), Liv)

i=1

IN
iN
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1 This polynomial is a very accurate approximatefofWe recall the following result from Trefethe@q, 1
2 Chapter § for more details the reader is invited to consult Trefethen’s book. 2
3 3
4 Accuracy of spectral polynomial interpolation. If f(v) is smooth enoughthere existCi,C, > 0 *
> (independent of) such that the interpolation error is >
6 6
7 | f() = p)| < C1e™, forall v & [Vinin, Vinaxl- (35) 7
8 8
o This s called “spectral accuracy”. 9
10 Moreover, at the interpolation points the derivativepois a good approximation of the derivative of;q
11 f, more exactly there exigfs, C4 > 0 (independent of) 1
12 12
0 0 ,
13 —f(Vj) — —p(VJ-) <Cze ™, forallj=1,...,s. 13
14 Jv dv 14
15 The derivative ofp at the interpolation points can be easily computed with the help of the Chebyskev
16 differentiation matrixD, [22, Chapter b 16
17 17
) -
18 & (V1) ) p(V1) 18
19 =—————Ds-| 1 |, (36)
20 ) ’ Vmax— Vmin 20
21 Z(Vy) p(Vs) 01
22 where 22
23 ) 23
24 % i=j=1, 24
25 (=1)iti . . 25
6 2v,~7vj i=11<j<s, i
_1)it+J . .
28 v, o 28
29 (Dy)ij = _Z(TIV.Z) l<i=j<s, 29
J
30 it 30
(=1)itJ . .
a1 VoV, l<i#j<s, a1
32 (G bl =1 1<i<s 32
33 2Vi=Vp) / ’ -’ 33
34 —2(‘%1)2 i=j=s. 34
35 - - - - - . 35
s Consequently, the function derivative at the node points can be approximated with spectral accuragy by
37 [0f/0v(Vi)hi<i<s = Dy - [f (V) lai<s- 37
38 A spectral discretization of (1) consists in replacing the continuous density funetionm) by its .4
39 Spectral interpolation polynomial; the framework discrete formulation (23) then holds with the bgsis
40 functions given by the Lagrange polynomials (34) 40
41 . 41
a2 $i(v)=Li(v), i=1....5s. "
43 43
44 2 Analytic in an elliptic region in the complex plane that contains the inted@ln, Vmaxl- 44
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1 7. Numerical experiments 1
2 2
3 7.1 Testprobleml 3
4 4
5 For the numerical experiments we first consider the test problem from Gelbard and Seipfekt [ 5
6 N, be the total initial number of particles aig, the mean initial volume. The initial number distributions
7 is exponential, the coagulation rate is constant, and the growth rate is linear with the volume: 7
8 8
o Ni(v) = (Ny/ Ve ™", B, w) =By, 1(v) = 0,0, o
10 This test problem admits the analytical soluti@i [ 10
11 11
4N, —2v explo,t
12 nt(v, 1) = —tz - ex (ﬁ — a(,t>. (37) 1
Vm(Ntﬁut + 2) Vm(Ntﬂat + 2)

[any
w

13
We consider the values, = 2.166x 106 cm® hour ! particles?, o, = 0.03 hour®, N; = 10* particles, 14
m=0.03 un?. 15
The distribution is truncated to the volume inter¥&ali, = 0 P?, Vimax= /6 une. The node points 16
are uniformly spaced for the piecewise-polynomial experiment, and located at the Chebyshev points for
the spectral approximation. We solve the dynamics equation in the time infgrvaD, tina = 6] hours 18
with the very small time steprt = 1 second. 19
Tests were performed for coagulation-ondy, & 0), growth-only 8, = 0), and combined coagulation- 20
growth problems. The solution errors at the end of the simulation interval were measured by the rootmean

NN B B PR R e
P O © ® ~N o 0 N

22 square (RMS) norm at the node points 22
23 23
24 Err — 1 Z [7; (tfina)) — n(V, tfinal)]z’ 24
25 s = maxn*(Vi, fiina), Thn)? 2

N
(o]

26
wheren is the numerical solutiory“ the analytical solution, and the threshold Earl000 particles 27
cm™3 pm3, 28
The discretization errors versus the number of bins are presented in Fig. 1 and the experimental
convergence orders in Table 1. For coagulation the experimental order of convergence of piecawise
polynomial elements i$ + 1 for odd r andr + 2 for evenr, which is similar to Newton—Cotes 31
guadrature convergence order. For comparison we include the classical semi-implicit MétHdelftion 32
16]; it shows second order behavior. The spectral method converges faster than any order (spectral
convergence). For growth and combined coagulation-growth the convergence orders arfor the 34
linear and quadratic elemenisi+ 2 for fourth order elements; the spectral method displays exponental
convergence. The experimental orders for piecewise polynomial elements are better than predicted,
showing superconvergence at the grid points. 37
38

7.2. Test problem Il 39
40
Problem Il is the exponential test problem solved in the logarithmic formulation (3). The distributéon
is truncated to the volume intervath,, = 7/6 x 107° pm?, Vimax = /6 pun?. The node points are log- 42
uniformly spaced for the piecewise-polynomial experiment, and located at the log-Chebyshev poiats in
the logarithmic volume interval for the spectral approximation. 44

A A B D DWW W W WWWW W WN NN
A W N P O © 0 N O OB WOWN P O © 00 N
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1 . Coagulation . Growth 1
2 1 O T T T 1 O [©) T 2
3 3
4 § § 4
5 - = 5
6 L L 6
(] o
7 2 2 7
g ks I 8
9 o T 9
10 10
11 10°°L, . . . . 10"°L . . . 1 11
12 10 15 22 33 50 10 15 22 33 50 2
13 No. of Bins No. of Bins 13
14 Coag+Growth 14
15 0 15
16 16
17 . 17
18 o —— Linear 18
19 m -v Quadratic 19
20 9 -0 - Fourth 20
21 5 —— Spectral 21
22 ) e i il 22
- e Semilmplicit -
24 24
25 10 L. : ' ' = 25
2 10 15 22 33 50 26
27 No. of Bins 27
22 Fig. 1. Solution RMS errors afinq = 6 hours for test problem I. zz
30 30
31 Table 1 31
32 Experimental orders of convergence for different methods and test problems. C and G stand for 32
33 coagulation and growth, respectively 33
34 Test | Test I Test Il 34
35 C G C+G C G G+G C G G+G 35
36 Linear 2.22 2.02 2.14 204 421 1.96 2.04 2.14 2.04 36
37 Quadr. 4.25 2.81 2.72 3.85 2.23 2.39 3.30 1.87 1.97 37
Fourth 6.64 6.39 6.20 3.40 4.59 4.13 3.14 2.20 2.19
38 Spectral exp exp exp exp exp exp 376 290  1.87 38
39 Semiimp. 1.93 - - 1.83 - - 1.81 - - 39
40 40
41 41
42 The discretization errors versus the number of bins are presented in Fig. 2. More bins are needed

43 in logarithmic coordinates than in linear coordinates for a similar accuracy (note the scales o#3the
44 axes compared to linear coordinates results). The experimental orders of convergence are shagvn ir
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1 . Coagulation . 1
2 1 0 j " " 1 0 2
3 1 -1 3
4 - 10 5 10 F 4
5 t _2 : _2 5
) L 10 w10~} )
o (]
7 ; -3 E -3 7
8 % 10 % 10 ¢ 8
9 o, -4 o, -4 9
10 10 10 10
” 107" s [V Nt ”
12 10 18 32 56 100 10 18 32 56 100 12
13 No. of Bins No. of Bins 13
14 Coag+Growth 14
15 1 00 15
16 16
17 . 10‘1 17
18 2 , —— Linear 18
19 w10 -v Quadratic 19
20 S -0~ Fourth 20
2 <10 —— Spectral 21
22 [0) : ‘L 22
—*— Semilmplicit
23 T 10_4 P 23
24 24
25 10_5 : : : : : 25
26 10 18 32 56 100 26
27 No. of Bins 27
28 Fig. 2. Solution RMS errors afin5 = 6 hours for test problem Il. 28
29 29

w
o

30

w
ey

Table 1. Linear elements show better than expected convergence for growth; and second order béhaviol
for coagulation and the complete test problem. Quadratic elements show fourth order behavidf for
coagulation (see Newton—Cotes quadrature) and second order for growth and complete. Fourth*brder
elements have a less than expected order for coagulation but display fourth order convergence for ﬁi‘owth
and combined. Spectral discretization shows spectral convergence, while the semi-implicit méthod
displays second order behavior. %

W W W W W w
N o g~ WN

37
38
7.3. Test problem 11 39
40
We now consider a second test problem that is posed in naturally logarithmic coordinates. Here
B, = 1.083 x 103 cm?® hour ! particles?, I (v) = o,v with o, = 0.2 hour !, and N; = 10* particles. 42
The volume interval i9/min = 1072 um®, Vimax= 1 pn?, the time intervaky = 0, #ina = 1 hour, and the 43
time stepAr = 1 second. 44

A A b D D W W
A W N P O © ©



ARTICLE IN PRESS

50168-9274(02)00251-9/FLA AID:1427 Vol. ( ) P.18 (1-23)
ELSGMLTM(APNUM) :m2 2003/01/03 Prn:7/01?20(:3.;. 1;:.0.1 anm1427 by:violeta p. 18
18 A. Sandu, C. Borden / Applied Numerical Mathematics eee (eeee) soe—see
1 Coagulation Growth 1
0 0
2 1 0 j j " 1 0 " 2
4 - 10 5 10 F 4
5 = D = D 5
6 '-é-)‘ 10 '-3 10 ¢ 6
7 ; -3 E -3 7
8 © 10 ©10 8
9 S’-‘J 4 S’_‘J 4 9
10 10 10 ¢ 10
11 5 ( -5 n
12 1 0 I I I 1 0 ‘ I { I : 12
10 18 32 56 100 10 18 32 56 100
13 No. of Bins No. of Bins 13
14 Coag+Growth 14
15 1 00 15
16 16
-1
17 o1 - 17
18 o 0 —— Linear 18
19 LE 10_2 - QuadratiC 19
20 q>-’ -0 - Fourth 20
21 =107 —— Spectral 21
22 © —— Semilmplicit 22
23 T 10_4 23
24 24
-5
25 10 & . : - . 25
26 10 18 32 ' 56 100 2
27 No. of Bins 27
28 Fig. 3. Solution RMS errors afin5 = 1 hour for test problem 111 28
29 29
2(1) The initial concentration is a cosine hill in logarithmic coordinates 2(1)
32 n (U) _ { % . [l _ COS(ZT[ W)], Xmin < IOgU < Xmaxs 32
0 = max min
3 The limits xmin andxmax define the support of the initial concentration and are such that 34
35 35
36 109 Vinin < Xmin < Xmax < 109 Vimax. 36
37 No analytical solution is available. A reference solution was obtained using the semi-implicit methodfor
38  coagulation 10] on the uniform gridV; =i - Av, Av = 1074 um?, such that/; = Viyin andVigooo= Vinax, 38
39 the first order upwinding scheme was employed for the discretization of the growth term. Fig. 4 ski®ws
40 the initial distribution, as well as the coagulation-growth solution after 1 hour. 40
41 For the numerical solutions we use log-uniform grids for the piecewise-polynomial experimént,
42 and log-Chebyshev grids for the spectral approximation. Fig. 3 displays the numerical errors.4ZThe
43 experimental convergence orders for coagulation are between 2 (linear, semi-implicit) and 3 (quadratic
44 and fourth order). The growth results show (nearly) second order convergence for all element #4es.
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The spectral discretization does not display spectral convergence; this is presumably due to the limited
smoothness of the profile (e.g., the second derivative of the initial profile is not continuous). A more
detailed analysis is needed to explain why the experimental convergence orders for piecewise polyrsomial
elements are smaller than the polynomial orders. 4

The results presented so far indicate that the growth problem in logarithmic coordinates is more
challenging than coagulation; and requires more bins for similar accuracy. The direct approachésis to
increase the number of bins such that the appropriate resolution is obtained for growth; however the cost
of building the tensors for coagulation becomes significant. 8

In order to avoid these extra costs we propose the following approach, based on different grids for
coagulation and for growth. Lék;}, 1<i <s and{x}}, 1< j < s’ be two sets of gridpoints points on 10
[ Vimin, Vmaxl. If the functionN is represented on gridas[N, ..., N,]" then a representation on the grid!

© 00 N o g b~ W N P

=
= o

12 x’is given by interpolation: 12
13 N 13
14 1 N1 N1 14
— 1T . _ xx .
» =& (xj)]lgigs,lgjgs’ L ETT 15
16 16
Ns/’ NS NS

=
~

whereg; are the basis piecewise-polynomials or spectral polynomials associated with the{pgints ;4
This interpolation allows us to use a finer grid for growth and a coarser grid for coagulation. This glso

allows to combine a logarithmic grid for coagulation and a linear grid for growth. The method cangbe

formulated on the fine grid as 2

At At At 22
(A — LA ey () oo 7G)n(tk+l) - (A + 70),1(#), .

24
where T9°"" and 7Y are the transformation matrices from fine to coarse and from coarse to fine (iis
easy to see that coagulation is solved on the coarse grid, and the solution extended to the fine grid)g

The results displayed in Fig. 4 are obtained using fourth order piecewise polynomial elements (in
logarithmic coordinate) with 49 gridpoints for growth and 9 gridpoints for coagulation. The referepgce

N NN N NN N NN BB
0 N o O A~ W N P O ©

o9 Solution is well reproduced. 29

30 30

a1 _10000 PN a1

\

2 . 8000 4 2

33 S // \ _ 33

34 © 6000 / \ - — Initial 34

35 c / \ —— Reference, T=1hr 35

3 © 4000 K \\ o Numerical, T=1hr a0

37 @ 37
o

38 — 2000 38
[

39 0( 39

40 107 107 107 10° 40

IN
=

41

Particle Volume [um3 ] 22

A b
w N

Fig. 4. The coupled coagulation-growth solutionsgiag = 1 hour for test problem lll. The numerical solution is obtained using3
fourth order elements on a combined grid with 49 for growth and = 9 for coagulation. 44
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A note on conservation properties. The exact solution of the dynamics equation preserves the total
number of particles during growth 2

00 3
4

Niot(?) :/”(U,f) dv, s

0 6

and the total volume of particles during coagualation 7
8

9

[e0]

© 00 N o g b~ W N P

Vtot(l)=fvn(v,t) dv.

0 1
Exact conservation of the quantities by the numerical distribution is a desirable property (see, e.gs the
semi-implicit method 10]). The methods proposed in the framework are not conservative, i.e., theyido
not exactly conserve these total quantities, and are not positive definite, i.e., they do not guaramiee a
nonnegative numerical distribution. In Fig. 5 we show the relative differences between the initial anasthe
final total number of particles during growth and the relative differences between the initial and the final
17

e U
N~ o 0 W N B O

18 Test Il - Growth Test Il - Coagulation 18
0 0
19 10 10 19
20 20
21 5107 107 \M 21
22 g -~ - -6 _ o 22
22 210 i 107 \ 2
24 £ oS 6 a \O\ 24
— \ p
25 & 10_5 \O\B 10_5 }?; 25
26 —— Total N, Legendre*4 —— Total V, Legendre 4 26
27 _g| @ Total N, Spectral _g| —@ Total V, Spectral 21
10 10 28
- 10 15 22 33 50 10 15 22 33 50 -
30 Test lll - Growth Test lll - Coagulation 30
31 10° 10° a1
- —=— Total N, Legendre 4 —— Total V, Legendre 4 -
- . 107"} - Total N, Spectral 107"} -& Total V, Spectral 33
34 = _ 34
o Lg 1072 107 35
= _3p 3] T o _
> §107 107 Nz o7 e 00 >
[0}
38 “ 107 107 38
39 39
40 107 107 40
“ 10 15 22 33 50 10 15 22 33 50 "
No. of bins No. of bins

IN
N

42

N
w

Fig. 5. The relative differences between the initial and the final total number of particles during growth and between the 4#3itial
and the final total volume of particles during coagulation for test problems Il and IlI. 44
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Table 2 1
RMS errors for different timesteps and methods for test problem Ill. C and G stand for coagulation and 2
growth, respectively 3
At Spectral discretization 4
C G 5
1sec 300 sec 1800 sec 1sec 300 sec 1800 sec 6
s=13 6.31e-3 6.31e-3 6.31e-3 1.70e-2 1.70e-2 1.59e-2 7
s=33 2.65e-4 2.65e—4 2.70e-4 9.00e-3 8.63e-3 6.07e-3 8
9
At Fourth order Lagrange discretization 10
C G 11
1sec 300 sec 1800 sec 1sec 300 sec 1800 sec 12
s=13 6.46e-2 6.44e-2 6.39e-2 1.61e-2 1.60e-2 1.65e-2 13
s=33 3.72e-3 3.71e-3 4.06e-3 5.97e-4 5.98e-4 6.05e-4

-
sy

15

total volume of particles during coagulation. The total quantities were taken to be the integrals oféthe
fourth order piecewise polynomial interpolant, and of the spectral interpolant respectively. Result¥’ are
shown for test cases Il and IlIl which use logarithmic coordinates. We see the invariants are not exXactly
preserved, but rather they are preserved within the accuracy of the numerical solution. Exact conservation
of invariants may offer additional stability of the solution at very large timesteps. 20

21
A note on time steps.  The numerical experiments were repeated with much larger time steps (ug?to
At = 1800 s). In Table 2 final solution errors are shown for test problem Il under different discretizatins
and different timesteps; very large time steps could be used without visibly impacting the total accutacy.
In general we expect that the growth results will be more sensitive to large timesteps than the coagiation
results. In practice one should use a variable time step formula to keep the time discretization error #¥nder

a given threshold. 27
28

29
8. Conclusions and future work 30
31
Aerosols are becoming an important topic in air pollution modeling. For a correct representaticid of
particles in the atmosphere one needs to accurately solve for the size distribution of particle populattons.
In this work we developed a general framework for the discretization of aerosol dynamics equagions
using projection methods, which include Galerkin and collocation approaches. The resulting semidisérete
system is bilinear and can be solved by the time-stepping method of choice; one possible such metaod is
discussed, based on a second order linearly-implicit formula. Although the formulation is given in tefms
of number densities and single-component particles, it can be directly extended to volume, surface and
mass densities, as well as to multiple-component aerosols. 39
To exemplify the use of the framework we considered a spectral discretization as well as piecewise-
polynomial discretizations with linear, quadratic, and fourth order elements. The collocation appresach
was used for coagulation (all cases) and for growth with spectral elements; the Galerkin approactewas
used for growth with piecewise polynomial elements. Three test problems were employed. The firststwo
test problems solve a smooth (exponential) profile in linear and logarithmic formulations respectively.
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The third problem considers a cosine hill profile “living” in a finite volume interval and is formulatedin
logarithmic coordinates. 2

In linear coordinates the numerical solutions display excellent accuracy. The convergence arders
at node points for piecewise polynomial elements are one order better than those predicted4by a
direct theory; spectral elements show spectral convergence. In logarithmic coordinates (preferred by
environmental modelers) good solutions can be obtained for the coagulation equation with a small
number of bins{ ~ 10); but for accurate growth solutions more gridpoints are needed. A mixed solution
is proposed to solve growth on a fine grid and coagulation on a coarse grid. Lower accuracy is generally
observed in logarithmic coordinates, although the numerical solutions reproduce well the reference
solutions. A more detailed analysis is needed to explain the lower convergence orders observedin the
logarithmic formulation. 11

Future work will focus on developing practical methods within the framework formulation. This
involves the identification of suitable families of basis and test functions that are able to resolvesthe
dynamics with a modest number of bins. It is desirable that the invariants of the aerosol dynawics
equations are preserved by the numerical scheme (e.g., total volume and total mass are preserveddurin
coagulation and total number during growth). Accurate and robust solutions of the growth equagion
require some form of upwinding; upwind Petrov—Galerkin and discontinuous Galerkin formulationstare
currently under investigation. 18

The main disadvantage of the framework formulation seems to be the computational expense
associated with the coagulation tens8randC as well as the matrices andG. In the naive approach 20
(where all entries are computed) the cost of the tensors scales with the cube of the number of2zbins.
Fortunately these tensors and matrices are computed once and can be subsequently reused for loag tinr
intervals, and possibly for multiple grid points in three-dimensional simulations. The tensors andsthe
matrices are very sparse. A key feature of a good implementation is to predict the sparsity structura and
to compute only those entries known to be nonzero. Future work will focus on providing sparse effiebent
implementations for methods formulated within the framework. 26

The present numerical tests do not present cpu times, as an efficient sparse implementations not
yet available. Preliminary timings of our matlab implementation (on a Pentium Ill, 1 GHz machite)
for solving the coagulation in the second test problem with 13 bins, timestep 10 seconds, gives thee
following cpu times: the semi-implicit method 21 seconds (error 2.1e-2); the spectral method r@eds
17 seconds for computing the tensors and 6 seconds for the integration (error 6.4e—2); and the piegewise
linear polynomials need 80 seconds to assemble the tensors and 6 seconds to integrate (error 4.8e2-2).

In a complete aerosol module the cpu time is dominated by the solution of aqueous chemistrgsand
chemical equilibria; the time needed to solve the dynamics is (usually) a relatively small fraction. Bhus
the main concern is to provide good accuracy with a small number of bins. The practical methodss3built
within the framework will be tested on multiple component particles and on coupled aerosol dynasaics

and chemistry models. 37
38
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