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A framework for the numerical treatment of aerosol dynamics

Adrian Sandu∗, Christian Borden

Department of Computer Science, Michigan Technological University, 1400 Townsend Drive, Houghton, MI 49931, USA

Abstract

This paper presents a general framework for the discretization of particle dynamics equations by projection
methods, which include Galerkin and collocation techniques. The framework enables a unified and simultaneous
numerical treatment of different dynamic processes like coagulation and growth. Based on the framework a
discretization over piecewise polynomial spaces and a spectral discretization are discussed. Numerical examples
are given using both linear and logarithmic coordinates.
 2003 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

As our understanding expands, new processes are incorporated into air quality computer models. One
example is particulate matter (aerosol) processes, the importance of which is now widely recognized.
Aerosols are now a priority focus area in environmental science due to the leading role they play as a
cause of adverse human health, and their ability to scatter and absorb incoming solar radiation and thus
modify warming due to greenhouse gases and reduce visibility. To accurately study the effects of aerosols
it is necessary to resolve aerosol number and mass distributions as a function of chemical composition
and size.

In this paper we develop a framework for solving the aerosol dynamics equation, which determines
the size distribution of atmospheric particles. Approximations of the size distribution are considered in a
suitable finite-dimensional space. The discrete equation is obtained by projecting the dynamics equation
onto the discrete space (using a Galerkin or a collocation approach). This approach leads to a bilinear
system of coupled ordinary differential equations, which can be solved by a time-stepping method of
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choice. For simplicity the framework is developed for number densities of single-component particles,
but it can be directly extended to mass or volume densities and multiple component particles.

To illustrate the general approach, we consider discretizations over piecewise-polynomial spaces as
well a spectral approximation approach, which can also be cast in the proposed framework. A linearly-
implicit second order time-stepping method is proposed for the time integration. Numerical examples
show that good accuracy is obtained with a relatively small number of grid points.

The paper is organized as follows. Section 2 presents the particle dynamics equations and Section 3
surveys previous efforts to solve these equations numerically. The discretization framework is introduced
in Section 4 for number densities; Sections 4.9 and 4.10 present extensions to volume densities and
multiple component particles. Section 5 discusses the discretization over piecewise polynomial space and
Section 6 discusses the spectral discretization. Numerical results are shown in Section 7, and Section 8
draws conclusions and pinpoints future work.

2. The continuous particle dynamics equation

In this paper continuous particle size distributions are considered functions of particle volume (v)
and time (t). The size distribution function (number density) of a family of particles will be denoted by
n(v, t); the number of particles per unit volume of air with the volume betweenv andv+dv is n(v, t)dv.
Similar formulations can be given in terms of volume, surface, or mass densities [18]. For simplicity
we consider single component particles, but the discretization techniques can be directly generalized to
multiple components.

The aerosol population undergoes a series of physical and chemical transformations.Growth processes
include condensation, evaporation, deposition and sublimation (of gases to/from the particle surface).
The growth of each component’s volume takes place at a rate that depends on the particle’s dimension
and composition, dv/dt = I (v). Coagulation forms new particles of volumev + w from the collision
of two smaller particles of volumesv and w; the collision rateβv,wn(v)n(w) is proportional to the
number of available small particles and to the coagulation kernelβv,w. Nucleation of gases creates small
particles.Emissions increase the number of particles of a specific composition and size, whiledeposition
processes remove particles from the atmosphere. In addition, the constituents interact chemically inside
each particle, changing the chemical composition (but not the number) of particles.

Under the above physical transformations the number density changes according to [5]

∂n(v, t)

∂t
= −∂

[
I (v) n(v, t)

]
/∂v

+ 1

2

v∫
0

βv−w,w n(v −w, t)n(w, t)dw − n(v, t)

∞∫
0

βv,w n(w, t)dw

+ S(v, t)− R(v, t) n(v, t),

n(v,0) = n0(v), n(0, t) = 0.

(1)

The different terms in Eq. (1) describe, in order, the modification in the number of particles due to growth,
creation of particles of volumev by coagulation, loss of volumev particles due to coagulation, increase
in particle number due to nucleation, emissions and depositions (sources and sinks). Each of the terms
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will be explained in detail below. The equation is subject to a specified initial conditionn0(v), and the
boundary condition of no zero volume particles.

In practice one assumes that the particle population has a nonzero minimal volume and a finite
maximal volume, i.e., the dynamic equation is solved on a finite volume interval[Vmin, Vmax].

∂n(v, t)

∂t
= −∂

[
I (v) n(v, t)

]
/∂v

+ 1

2

v−Vmin∫
Vmin

βv−w,w n(v −w, t)n(w, t)dw

− n(v, t)

Vmax∫
Vmin

βv,wn(w, t)dw + S(v, t) − R(v, t)n(v, t),

n(v, t = 0) = n0(v), n(Vmin, t) = 0.

(2)

Note that this equation is no longer self-consistent; forVmin � v < 2Vmin the upper integration limit
is smaller than the lower integration limit in the positive coagulation term; we therefore introduce the
convention that the positive coagulation term is zero whenever the upper limit is smaller than the lower
integration limit.

Particle sizes span orders of magnitude, and to reveal the particle distribution logarithmic coordinates
are popular. If we denote

x = logv, y = logw, Xmin = logVmin, Xmax= logVmax,

the dynamics equation becomes

∂n(x, t)

∂t
= −e−x∂

[
I (x) n(x, t)

]
/∂x

+ 1

2

log(ex−eXmin)∫
Xmin

βlog(ex−ey ),y n
(
log
(
ex − ey

)
, t
)
n(y, t)ey dy

− n(x, t)

Xmax∫
Xmin

βx,y n(y, t)e
y dw + S(x, t) − R(x, t)n(x, t),

n(x,0) = n0(x), n(Xmin, t) = 0.

(3)

3. Previous work

Three major approaches are used to represent the size distribution of aerosols: continuous, discrete
and parameterized. In this paper we focus on the numerical approximations of continuous models (i.e.,
of continuous size distributions and of the general dynamic equations in continuous form).

For computational purposes one needs to use finite-dimensional approximations of the continuous
size distributions. In thesectional approach the size domainv ∈ [0,∞] is divided into size bins
v ∈ [V low

i , V
high
i ). In each size bini there areni particles per unit volume, all of them having the
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same mean volumeVi . variations of this approach include thefull-moving structure, thequasi-stationary
approach, as well as themoving-center structure [10].

A nice survey of several popular numerical methods for particle dynamics equations is given in Zhang
et al. [25].

The integro-differential coagulation equation is difficult to solve accurately, due to the fact that the
limit of integration of the first term depends on the variablev and the integrands are quadratic (the first
term is of nonlinear Volterra type in the terminology of integral equations). The standard discrete version
of the coagulation equation uses a monomer size distribution (the volume of the particles in bin each
i is a multiple of the smallest volume,Vi = i V1, i = 1,2, . . .). The semi-implicit scheme to solve the
discrete coagulation equation [23] is discussed by Jacobson in [10, Section 16]. The differential equation
is discretized in time using backward Euler formula, and the quadratic termsnj−�(t)n�(t) are replaced
by the “linearized” versionnj−�(t)n�(t −�t), where�t is the numerical time step size. The scheme can
be adapted to general size distributions, and admits a volume-conserving formulation.

A combination of cubic splines (coagulation) and moving finite element techniques (growth part) was
used by Tsang and Hippe [24]. Meng, Dabdub and Seinfeld [15] present a size-resolved and chemically-
resolved model for aerosol dynamics in a mass density formulation. Gelbard and Seinfeld [5–7] solve
the coupled dynamic equations using orthogonal collocation over finite elements. Lushnikov [14] uses
generating functions to solve analytically the coagulation equation for particles consisting of monomers
of two kinds, under the assumptions of a constant coagulation kernelβ and particular initial distributions.
Pilinis [18] derives the dynamic equations for multiple component particles and solves the equations
using a Galerkin technique with linear elements.

The growth equation in number densities has the form of an advection equation, with the “flow speed”
equal to the time derivative of the volume [19, Section 12]. A nice survey of several popular numerical
methods for the growth equations is given in Zhang et al. [25]. Different solution methods for the growth
equations were proposed in [2,9,12,13]. Dhaniyala and Wexler [4] compare several numerical schemes
for modeling aerosol growth. Nguyen and Dabdub [16] use a semi-Lagrangian approach for solving the
growth equation.

Many models include different processes successively, using a time splitting scheme. This enables
the use of numerical methods tuned to each subprocess but introduces hard-to-quantify splitting errors.
A comprehensive discussion is given in Wexler et al. [26]. Simultaneous solutions of all dynamic
processes are given in [5–8,15,18,24].

This paper generalizes the previous work of [5–7,18], in that it defines a framework that encompasses
both Galerkin and collocation methods and leads to the general form of the discrete equations. Particular
discretization methods are built based on the framework formulation using piecewise polynomial
elements and spectral elements.

4. A general framework for discretization

We solve Eq. (1) by a semi-discretization in particle size (v), followed by a time integration of the
resulting system of ordinary differential equations. The semi-discretization in size is done by projecting
the solution on a finite-dimensional subspace span{φ1(v), . . . , φs(v)}; this generalizes the sectional
approach. The dynamic equation is imposed to hold exactly in a certain subspace (Galerkin approach) or
at a certain set of nodes (collocation approach).
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4.1. Discretization of the particle size distribution

The continuous number distribution is given a finite-dimensional approximation. Let{φi}1�i�s be a
set of continuous basis functions; then

n(v, t) =
s∑

i=1

ni(t)φi(v), φi(v) = basis function. (4)

The set of time-dependent expansion coefficients

n(t) = [n1(t), . . . , ns(t)
]T

, (5)

will be determined from the dynamics equation.
The representation (4) places the problem in the general framework ofprojection methods [1]. For

exampleφi can be piecewise polynomials or can be orthogonal polynomials. The result is a continuous
distribution n(v, t). Higher order approximations can be obtained by increasing the order of the basis
functions without changing the number of binss.

We note in passing that the full-stationary sectional approach can be formally cast into the form (4)
by using Dirac1 basis functionsφi(v) = δ(v − Vi). For this reason we extend the sectional interpretation
and call span{φi } the size bin i, and refer toni as the number of particles inbin i.

Logarithmic coordinates. In logarithmic coordinates the basis function arguments are changed accord-
ingly, φi = φi(x).

4.2. Coagulation

The theoretical coagulation equation for single-component particles is [10, Section 16]

∂n(v, t)

∂t
= 1

2

v∫
0

βv−w,wn(v − w, t)n(w, t)dw − n(v, t)

∞∫
0

βv,wn(w, t)dw. (6)

4.3. The Galerkin approach

To obtain a discrete form of the coagulation equation one inserts (4) into (6):

s∑
i=1

n′
i(t)φi(v) = 1

2

s∑
k=1

s∑
m=1

nk(t)nm(t)

v∫
0

βv−w,wφk(v − w)φm(w)dw

−
s∑

k=1

s∑
m=1

nk(t)nm(t)

∞∫
0

βv,wφk(v)φm(w)dw.

1 Recall thatδ(x) = 0 for x 
= 0, δ(0) = ∞, and
∫ Vi+ε
Vi−ε

f (x)δ(x − Vi)dx = f (Vi).
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Here (and from now on)n′
i(t) denotes the time derivative ofni(t). The resulting equation is multiplied

by the test functionξj (v) (j = 1, . . . , s) and integrated fromv = 0 to∞ to obtain a system ofs ordinary
differential equations

s∑
i=1

n′
i(t)

∞∫
0

φi(v)ξj (v)dv

= 1

2

s∑
k=1

s∑
m=1

nk(t)nm(t)

∞∫
0

( v∫
0

βv−w,wφk(v − w)φm(w)dw

)
ξj (v)dv

−
s∑

k=1

s∑
m=1

nk(t)nm(t)

∞∫
0

( ∞∫
0

βv,wφm(w)dw

)
φk(v)ξj(v)dv. (7)

We build the following matrices of integral coefficients

A =
[ ∞∫

0

φj(v)ξi(v)dv

]
1�i,j�s

,

Bj =
[

1

2

∞∫
0

( v∫
0

βv−w,wφk(v − w)φm(w)dw

)
ξj (v)dv

]
1�k,m�s

,

Cj =
[ ∞∫

0

( ∞∫
0

βv,wφm(w)dw

)
φk(v)ξj(v)dv

]
1�k,m�s

, 1� j � s.

(8)

If n(t) is the vector of number concentrations (5), Eq. (7) becomes

An′(t) =



nT(t)(B1 −C1)n(t)

...

nT(t)(Bs −Cs)n(t)


 . (9)

One can regardB andC as 3-tensors, in which case the semi-discrete coagulation equation reads

An′(t) = [(B − C) × n(t)
] · n(t). (10)

In the pureGalerkin approach [1] {φi(v)} = {ξi(v)} are (piecewise) continuous basis functions. Eq. (9) is
relatively expensive to solve, since one has to evaluate a large number of double integrals for building the
tensorsB andC. If β(v,w) does not change in time one can compute the tensors once and reuse them
throughout integration, thus making the whole process computationally feasible.
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Logarithmic coordinates. In logarithmic coordinates the coagulation tensor entries become

B
j

k,m = 1

2

Xmax∫
Xmin

ξj (x)

log(ex−eXmin)∫
Xmin

βz,yφk(z)φm(y)e
y dy dx,

wherez(x, y) = log
(
ex − ey

)
,

C
j

k,m =
Xmax∫

Xmin

φk(x)ξj (x)

Xmax∫
Xmin

βx,yφm(y)e
y dy dx.

(11)

4.4. The collocation approach

In the collocation approach{φi(v)} are continuous basis functions, but the test functions are deltas,
{ξi(v) = δ(v − V c

i )}, with V c
i the collocation points. The resulting equation is also of form (9), but the

integral coefficients to be computed simplify to

A = [φj

(
V c

i

)]
1�i,j�s

,

Bj =
[

1

2

v∫
0

βV c
j −w,wφk

(
V c

j −w
)
φm(w)dw

]
1�k,m�s

, 1� j � s, (12)

Cj =
[
φk

(
V c

j

) ∞∫
0

βV c
j ,w

φm(w)dw

]
1�k,m�s

, 1 � j � s.

This approach is computationally less expensive since all coefficients involve only simple integrals. Note
that if the basis functions have the interpolation propertyφi(Vj ) = 0 for i 
= j andφi(Vi) = 1 then the
“mass matrix”A is the unit matrix.

Logarithmic coordinates. In logarithmic coordinates the tensor entries are

B
j

k,m = 1

2

log(e
Xc
j −eXmin)∫

Xmin

β
log(e

Xc
j −ey ),y

φk

(
log
(
e
Xc

j − ey
))
φm(y)e

y dy,

C
j

k,m = φk

(
Xc

j

) Xmax∫
Xmin

βXc
j ,y

φm(y)e
y dy.

(13)

A note on the coagulation kernel. The coagulation kernelβv,w is usually assumed to depend only on
particle size (but be time-independent on large time periods and concentration-independent). With this
assumption the discretization three-tensors can be computed only once, and then used throughout the
simulation, which leads to considerable computational savings. If the coagulation kernel changes in time
βv,w(t) then the tensors will need to be recomputed periodically (e.g., at each update of the meteorological
fields). Finally, if the kernel depends on the chemical composition of the particles then the tensors need
to be recomputed at each time step.
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4.5. Growth

Growth processes include condensation, evaporation, deposition and sublimation (of gases to/from the
particle surface). Consider again the case of single component particles. The growth equation in number
densities

∂n(v, t)

∂t
= − ∂

∂v

[
I (v)n(v, t)

]
, I (v) = dv(t)

dt
, (14)

n(0, t) = 0, n(v,0) = n0(v), (15)

has the form of an advection equation, with the “flow speed” provided by the time derivative of the
volume. This equation is to be solved subject to an initial distributionn0(v) and the boundary condition
of no zero-sized particles [19, Section 12],

A similar derivation process (as presented for coagulation) leads to the semi-discrete formulation of
the growth equations

An′(t) = Gn(t), (16)

where

A =
[ ∞∫

0

φj (v)ξi(v)dv

]
1�i,j�s

, G =
[ ∞∫

0

I (v)φj (v)ξ
′
i (v)dv

]
1�i,j�s

. (17)

ForG we have used one integration by parts and homogeneous boundary conditions atv = 0 andv = ∞.
For the Galerkin approach useξi = φi . For the collocation approach one obtains

A = [φj

(
V c

i

)]
1�i,j�s

, G =
[
−d[Iφj ]

dv

(
V c

i

)]
1�i,j�s

. (18)

Logarithmic coordinates. In the logarithmic Galerkin formulation (3) the matrix entries read

Ai,j =
Xmax∫

Xmin

φj (x)φi(x)dx, Gi,j =
Xmax∫

Xmin

d

dx
I (x)φj (x)

d

dx

(
e−xξ ′

i (x)
)
dx (19)

while for the logarithmic collocation they are

Ai,j = φj

(
Xc

i

)
, Gi,j = −e−Xc

i
d[Iφj ]

dx

(
Xc

i

)
. (20)

4.6. Sources and sinks

Sources and sinks (i.e., emissions, nucleation and deposition processes) have a simple mathematical
formulation,

∂n(v, t)

∂t
= S(v, t)− R(v, t)n(v, t). (21)
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The simplicity comes from the fact thatS andR terms are not coupled across different volumes; finite-
dimensional approximations of these terms can be given

S(v, t) =
s∑

i=1

Si(t)φi(v), R(v, t) =
s∑

i=1

Ri(t)φi(v),

which leads to the discrete evolution equation

n′(t) = S(t) −R(t)n(t), (22)

where

S(t) = [S1(t), . . . , Ss(t)
]T

and R(t) = diag
[
R1(t), . . . ,Rs(t)

]
.

4.7. Simultaneous discretization of the dynamic equations

Of particular interest is the coupled solution of coagulation, growth, nucleation, emissions and
deposition. The coupled approach will, for example, better capture the competition between nucleation
of new particles and condensation on existing particles for gas-to-particle conversion [25].

For single component particles combining (9), (16) and (22) gives the semi-discrete aerosol dynamics
equation

An′(t) = Gn(t)︸ ︷︷ ︸
growth

+ [(B −C) × n(t)
]
n(t)︸ ︷︷ ︸

coagulation

+AS(t)︸ ︷︷ ︸
sources

−AR(t)n(t)︸ ︷︷ ︸
deposition

. (23)

This is a system ofs coupled ordinary differential equations. The discrete initial conditions

n(0) = n0 (24)

are derived by projecting the continuous initial distributionn0(v) onto the finite-dimensional solution
space,

n0(v) =
s∑

i=1

n0
i φi(v), n0 = [n0

1, . . . , n
0
s

]T
.

4.8. Time integration

The system (23), (24) can be solved by any appropriate time-stepping method. The system has a
particular form: the growth term is linear, while the coagulation term is bilinear. This makes it easy to
express the Jacobian for implicit methods.

Particularly attractive are linearized versions of the implicit numerical methods which avoid iterative
solutions. The following linearized backward Euler time discretization has second order time accuracy
for the coagulation term:

An
(
tk+1

)= An
(
tk
)+ �t

2
J coag

(
n
(
tk
))
n
(
tk+1

)
, (25)

where the Jacobian of the coagulation term is

J coag(n) =



nTD1

...

nTDs


 , Di = (Bi −Ci

)+ (Bi − Ci
)T

, 1� i � s. (26)
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This can be coupled with the Crank–Nicholson method for the growth and source terms to obtain the
second order, non-iterative scheme(

A − �t

2

[
J coag

(
n
(
tk
))+ G +AR

(
tk+1

)])
n
(
tk+1

)
=
(
A + �t

2

[
G +AR

(
tk
)])

n
(
tk
)+ �t

2

[
S
(
tk+1)+ S

(
tk
)]
. (27)

4.9. Extension to volume densities

The framework can be easily extended to treat volume, surface, or mass densities. For example, the
volume densityV(v, t) = vn(v, t) can be discretized as

V(v, t) =
s∑

i=1

Vi(t)φi(v).

The aerosol dynamics equation for volume densities is

∂V(v, t)/∂t

= −∂
[
V(v, t)I (v)

]
/∂v + V(v, t)I (v)/v (growth)

+
v∫

0

βv−w,w

w
V(v − w, t)V(w, t)dw (coagulation)

− V(v, t)

∞∫
0

βv,w

w
V(w, t)dw

+ S(v, t) −R(v, t)V(v, t) (sources, deposition). (28)

A discretization of Eq. (28) can be obtained following the framework approach; one obtains a discrete
system of the form (27) with B, C and G redefined accordingly.

4.10. Extension to multiple components

Complex models treat particles composed of multiple chemical constituents. Letvq(v, t), q = 1, . . . ,m
be the volume of theqth chemical component in particles of volumev; the multi-component aerosol
population is described by the individual volume densities of each constituentVq(v, t) = vq(v, t)n(v, t);
the total volume of componentq (per unit volume of air) contained in all particles having individual
volumes betweenv andv + dv is Vq(v, t)dv. Under these transformations the volume densities of each
constituentVq(v, t), q = 1, . . . ,m change according to [5,18]

∂Vq(v, t)/∂t

= −∂

[
Vq(v, t)

m∑
k=1

Ik(v)

]
/∂v + V(v, t)Iq(v)/v (growth)
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+
v∫

0

βv−w,w

w
Vq(v − w, t)V(w, t)dw (coagulation)

− Vq(v, t)

∞∫
0

βv,w

w
V(w, t)dw

+ Sq(v, t) (sources)

− Rq(v, t)V
q(v, t) (deposition)

+ K
(
V1, . . . ,Vm, t

)
, q = 1, . . . ,m (chemistry) (29)

whereV(v, t) =∑m
q=1V

q(v, t) is the total volume distribution; them integro-differential equations are
coupled throughV(v, t) andK(V1, . . . ,Vm, t). The system (29) is subject to the initial and boundary
conditions

Vq(v, t = 0) = (Vq
)0
(v), Vq(v = 0, t) = 0, q = 1, . . . ,m. (30)

Eqs. (29), (30) can be discretized in size using the same approach. For each component volume one has

Vq(v, t) =
s∑

i=1

Vq

i (t)φi(v), Vq

i (t) = Vq(Vi, t), q = 1, . . . ,m, (31)

and the semidiscrete system reads

d

dt
Vq(t) = GVq(t) + diag1�i�s

(
Iq(Vi)

Vi

)
·

m∑
k=1

Vk(t)

︸ ︷︷ ︸
growth

+
[
(B − C) ×

m∑
k=1

Vk(t)

]
· Vq(t)

︸ ︷︷ ︸
coagulation

+ S(t)︸︷︷︸
nucl.+em

−RqV
q(t)︸ ︷︷ ︸

dep.

+K
(
V1, . . . ,Vm, t

)︸ ︷︷ ︸
chem.

, q = 1, . . . ,m.

The matrixG and the tensorsB andC are redefined according to (29). Note that the sameG,B,C are
used for all chemical componentsq, which makes the method efficient.

5. Piecewise-polynomial discretization

Consider now the discrete space of piecewise-polynomials of order smaller than or equal tor ,
Pr(Vmin, Vmax). We assume thats − 1 is a multiple ofr ; the functions are polynomial on each interval
[V1+�r, V1+(�+1)r]. A basis ofPr is provided by the Lagrange polynomials in each interval, with the
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r + 1 nodes given byV1+�r, V2+�r, . . . , V1+r+�r. Thus, the basis functionsφi have compact support, are
piecewise-polynomials of order less than or equal tor and satisfy the relation

φi(Vj ) =
{

1, for i = j,

0, for i 
= j.

The discrete approximation

n(v, t) =
s∑

i=1

n(Vi, t)φi(v) =
s∑

i=1

ni(t)φi(v)

is the orderr piecewise-polynomial interpolant ofn(v, t) with nodesVi . Let h = maxi |Vi+1 − Vi|.
Assuming smooth solutionsn(v, t) the interpolation order is∣∣∣∣∣n(v, t)−

s∑
i=1

n(Vi, t)φi(v)

∣∣∣∣∣= O
(
hr+1).

In general one expects that the approximation order is given by the interpolation order.
A direct approach is to consider the system as being discretized first in time then in size. The time

integration method (25) applied to the coagulation system leads to the linear second order Fredholm
equation (with unknown functionn(v, tk+1))

n
(
v, tk+1

) = n
(
v, tk

)+ �t

2

v∫
0

βv−w,w + βw,v−w

2
n
(
v −w, tk

)
n
(
w, tk+1

)
dw

− �t

2
n
(
v, tk+1

) ∞∫
0

βv,wn
(
w, tk

)
dw

− �t

2
n
(
v, tk

) ∞∫
0

βw,vn
(
w, tk+1)dw. (32)

The Galerkin or collocation discretization overPr(Vmin, Vmax) compute a solution which approximates
n(v, tk+1) with an accuracy of O(hr+1) [1, Section 3.1.3].

In practice the observed convergence orders may be faster than this theoretical bound (“superconver-
gence”), especially if one considers node point values. For example, the collocation method approximates

n
(
V c

j , t
) ∞∫

0

βV c
j ,w

n(w, t)dw ≈
s∑

k,m=1

nk(t)nm(t)C
j

k,m

=
(

s∑
k=1

nk(t)φk

(
V c

j

)) ∞∫
0

βV c
j ,w

(
s∑

m=1

nm(t)φm(w)

)
dw.

If the collocation points are the node pointsV c
j = Vj then n(Vj, t) = ∑s

k=1nk(t)φk(Vj) by the
interpolation requirement. For smoothβ the term

∫∞
0 βV c

j ,w
(
∑s

m=1nm(t)φm(w)dw) is a weighted
Newton–Cotes approach for integration, therefore ifr is even the negative term is approximated within
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O(hr+2). However, this does not hold for the positive coagulation term (consider, for example, the
casej = 1).

The collocation method is less expensive computationally and provides the same order of accuracy, so
in principle it is to be preferred. Note at this point that if the collocation points are the node points then
the mass matrixA is the identity matrix, and the tensorC is 2-dimensional,

Cj =
[
δk,j

∞∫
0

βV c
j ,w

φm(w)dw

]
1�k,m�s

, 1� j � s.

The order of accuracy shows how to carry out the numerical evaluation of integral coefficients. IfB, C are
approximated within O(hr+1) the order of accuracy remains unchanged, and if the integral coefficients are
approximated within O(hr+2) the integration errors become negligible when compared to discretization
errors for smallh. One can use a Gaussian quadrature with(r + 1) ÷ 2 nodes.

The pure Galerkin approximation of the growth term is accurate to order O(hr) [11, Section 9.3]. Note
that an upwind Petrov–Galerkin method is more appropriate to ensure stability of the hyperbolic growth
term, in which case the order of approximation may be O(hr+0.5); a discussion is outside the scope of
this paper. The collocation method for piecewise polynomial basis functions cannot be directly extended
to the growth term due to non-differentiability at node points (which were chosen to be the collocation
points also).

This discussion leads to the following idea for an O(hr+1) discretization of the coagulation-growth
equation. Discretize the coagulation term using collocation onPr and use a Galerkin approximation on
Pr+1 for the growth term. Replace the integrals by repeated[r/2]-point Gaussian quadrature on each
[Vi,Vi+1] subinterval. MatricesA andG are then defined using the basis polynomials ofPr+1, while the
tensorsB andC are computed from the basis functions ofPr . Using the timestepping formula (27) the
combined numerical method for coagulation-growth can be written as(

A − �t

2
AJ coag

(
n
(
tk
))− �t

2
G

)
n
(
tk+1

)= (A + �t

2
G

)
n
(
tk
)
.

6. Spectral discretization

In this section we review some important aspects of spectral interpolation. Consider the set ofs

Chebyshev points in the interval[Vmin, Vmax] (cf. [22])

Vj = Vmin + Vmax− Vmin

2

[
1− cos

(
j − 1

s − 1
π

)]
, j = 1, . . . , s. (33)

Let f (v) be a function onv ∈ [Vmin, Vmax], andp(v) the unique interpolation polynomial of degree at
mosts − 1 such that

p(Vj) = f (Vj ), j = 1, . . . , s.

The polynomial can be expressed in terms of the Lagrange basis functions associated with the Chebyshev
set of points (33); then

p(v) =
s∑

i=1

f (Vi)Li(v), Li(v) =
∏

k 
=i(v − Vk)∏
k 
=i (Vi − Vk)

for all i. (34)
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This polynomial is a very accurate approximate off . We recall the following result from Trefethen [22,
Chapter 5]; for more details the reader is invited to consult Trefethen’s book.

Accuracy of spectral polynomial interpolation. If f (v) is smooth enough2 there existC1,C2 > 0
(independent ofs) such that the interpolation error is∣∣f (v) − p(v)

∣∣� C1e
−C2s , for all v ∈ [Vmin, Vmax]. (35)

This is called “spectral accuracy”.
Moreover, at the interpolation points the derivative ofp is a good approximation of the derivative of

f , more exactly there existC3,C4 > 0 (independent ofs)∣∣∣∣∂f∂v (Vj) − ∂p

∂v
(Vj)

∣∣∣∣� C3e
−C4s, for all j = 1, . . . , s.

The derivative ofp at the interpolation points can be easily computed with the help of the Chebyshev
differentiation matrixDs [22, Chapter 6]


∂p

∂v
(V1)

...
∂p

∂v
(Vs)


= − 2

Vmax− Vmin
Ds ·




p(V1)

...

p(Vs)


 , (36)

where

(Ds)ij =




2(s−1)2

6 i = j = 1,

2(−1)i+j

Vi−Vj
i = 1,1< j � s,

− (−1)i+j

Vi−Vj
1< i 
= j < s,

− Vj

2(1−V 2
j )

1< i = j < s,

(−1)i+j

Vi−Vj
1< i 
= j < s,

(−1)i+j

2(Vi−Vj )
j = 1,1< i � s,

−2(s−1)2

6 i = j = s.

Consequently, the function derivative at the node points can be approximated with spectral accuracy by
[∂f/∂v(Vi)]1�i�s ≈ Ds · [f (Vi)]1�i�s .

A spectral discretization of (1) consists in replacing the continuous density functionn(v, t) by its
spectral interpolation polynomial; the framework discrete formulation (23) then holds with the basis
functions given by the Lagrange polynomials (34)

φi(v) = Li(v), i = 1, . . . , s.

2 Analytic in an elliptic region in the complex plane that contains the interval[Vmin,Vmax].
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7. Numerical experiments

7.1. Test problem I

For the numerical experiments we first consider the test problem from Gelbard and Seinfeld [6]. Let
Nt be the total initial number of particles andVm the mean initial volume. The initial number distribution
is exponential, the coagulation rate is constant, and the growth rate is linear with the volume:

Nt(v) = (Nt/Vm)e−v/Vm, β(v,w) = βo, I (v) = σov.

This test problem admits the analytical solution [6]

nA(v, t) = 4Nt

Vm(Ntβot + 2)2
· exp

( −2v exp(σot)

Vm(Ntβot + 2)
− σot

)
. (37)

We consider the valuesβo = 2.166×10−6 cm3 hour−1 particles−1, σo = 0.03 hour−1, Nt = 104 particles,
Vm = 0.03 µm3.

The distribution is truncated to the volume intervalVmin = 0 µm3, Vmax = π/6 µm3. The node points
are uniformly spaced for the piecewise-polynomial experiment, and located at the Chebyshev points for
the spectral approximation. We solve the dynamics equation in the time interval[t0 = 0, tfinal = 6] hours
with the very small time step�t = 1 second.

Tests were performed for coagulation-only (σo = 0), growth-only (βo = 0), and combined coagulation-
growth problems. The solution errors at the end of the simulation interval were measured by the root mean
square (RMS) norm at the node points

Err =
√√√√1

s

s∑
i=1

[ni(tfinal) − nA(Vi, tfinal)]2

max(nA(Vi, tfinal),Thr)2
,

wheren is the numerical solution,nA the analytical solution, and the threshold Thr= 1000 particles
cm−3 µm−3.

The discretization errors versus the number of bins are presented in Fig. 1 and the experimental
convergence orders in Table 1. For coagulation the experimental order of convergence of piecewise
polynomial elements isr + 1 for odd r and r + 2 for even r , which is similar to Newton–Cotes
quadrature convergence order. For comparison we include the classical semi-implicit method [10, Section
16]; it shows second order behavior. The spectral method converges faster than any order (spectral
convergence). For growth and combined coagulation-growth the convergence orders arer + 1 for the
linear and quadratic elements;r + 2 for fourth order elements; the spectral method displays exponential
convergence. The experimental orders for piecewise polynomial elements are better than predicted,
showing superconvergence at the grid points.

7.2. Test problem II

Problem II is the exponential test problem solved in the logarithmic formulation (3). The distribution
is truncated to the volume intervalVmin = π/6 × 10−9 µm3, Vmax = π/6 µm3. The node points are log-
uniformly spaced for the piecewise-polynomial experiment, and located at the log-Chebyshev points in
the logarithmic volume interval for the spectral approximation.
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Fig. 1. Solution RMS errors attfinal = 6 hours for test problem I.

Table 1
Experimental orders of convergence for different methods and test problems. C and G stand for
coagulation and growth, respectively

Test I Test II Test III

C G C+G C G C+G C G C+G
Linear 2.22 2.02 2.14 2.04 4.21 1.96 2.04 2.14 2.04
Quadr. 4.25 2.81 2.72 3.85 2.23 2.39 3.30 1.87 1.97
Fourth 6.64 6.39 6.20 3.40 4.59 4.13 3.14 2.20 2.19
Spectral exp exp exp exp exp exp 3.76 2.90 1.87
Semiimp. 1.93 – – 1.83 – – 1.81 – –

The discretization errors versus the number of bins are presented in Fig. 2. More bins are needed
in logarithmic coordinates than in linear coordinates for a similar accuracy (note the scales of the
axes compared to linear coordinates results). The experimental orders of convergence are shown in



ARTICLE IN PRESS

U
N

C
O

R
R

E
C

T
E

D
 P

R
O

O
F

S0168-9274(02)00251-9/FLA AID:1427 Vol.•••(•••) P.17 (1-23)
ELSGMLTM(APNUM):m2 2003/01/03 Prn:7/01/2003; 13:01 anm1427 by:violeta p. 17

A. Sandu, C. Borden / Applied Numerical Mathematics ••• (••••) •••–••• 17

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

Fig. 2. Solution RMS errors attfinal = 6 hours for test problem II.

Table 1. Linear elements show better than expected convergence for growth; and second order behavior
for coagulation and the complete test problem. Quadratic elements show fourth order behavior for
coagulation (see Newton–Cotes quadrature) and second order for growth and complete. Fourth order
elements have a less than expected order for coagulation but display fourth order convergence for growth
and combined. Spectral discretization shows spectral convergence, while the semi-implicit method
displays second order behavior.

7.3. Test problem III

We now consider a second test problem that is posed in naturally logarithmic coordinates. Here
βo = 1.083× 10−3 cm3 hour−1 particles−1, I (v) = σov with σo = 0.2 hour−1, andNt = 104 particles.
The volume interval isVmin = 10−3 µm3, Vmax = 1 µm3, the time intervalt0 = 0, tfinal = 1 hour, and the
time step�t = 1 second.
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Fig. 3. Solution RMS errors attfinal = 1 hour for test problem III.

The initial concentration is a cosine hill in logarithmic coordinates

n0(v) =
{

Nt
2 · [1− cos

(
2π logv−xmin

xmax−xmin

)]
, xmin < logv < xmax,

0, logv � xmin or logv � xmax.

The limitsxmin andxmax define the support of the initial concentration and are such that

logVmin < xmin < xmax< logVmax.

No analytical solution is available. A reference solution was obtained using the semi-implicit method for
coagulation [10] on the uniform gridVi = i ·�v, �v = 10−4 µm3, such thatV1 = Vmin andV10,000= Vmax;
the first order upwinding scheme was employed for the discretization of the growth term. Fig. 4 shows
the initial distribution, as well as the coagulation-growth solution after 1 hour.

For the numerical solutions we use log-uniform grids for the piecewise-polynomial experiment,
and log-Chebyshev grids for the spectral approximation. Fig. 3 displays the numerical errors. The
experimental convergence orders for coagulation are between 2 (linear, semi-implicit) and 3 (quadratic
and fourth order). The growth results show (nearly) second order convergence for all element types.
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The spectral discretization does not display spectral convergence; this is presumably due to the limited
smoothness of the profile (e.g., the second derivative of the initial profile is not continuous). A more
detailed analysis is needed to explain why the experimental convergence orders for piecewise polynomial
elements are smaller than the polynomial orders.

The results presented so far indicate that the growth problem in logarithmic coordinates is more
challenging than coagulation; and requires more bins for similar accuracy. The direct approach is to
increase the number of bins such that the appropriate resolution is obtained for growth; however the cost
of building the tensors for coagulation becomes significant.

In order to avoid these extra costs we propose the following approach, based on different grids for
coagulation and for growth. Let{xi}, 1� i � s and{x′

j }, 1� j � s′ be two sets of gridpoints points on
[Vmin, Vmax]. If the functionN is represented on gridx as[N1, . . . ,Ns]T then a representation on the grid
x′ is given by interpolation:


N ′

1

...

N ′
s ′


= [φi(x

′
j )
]T

1�i�s,1�j�s ′ ·



N1

...

Ns


= T x,x ′ ·




N1

...

Ns


 ,

whereφi are the basis piecewise-polynomials or spectral polynomials associated with the points{xi}.
This interpolation allows us to use a finer grid for growth and a coarser grid for coagulation. This also

allows to combine a logarithmic grid for coagulation and a linear grid for growth. The method can be
formulated on the fine grid as(

A − �t

2
A · T up · J coag

(
T downn

(
tk
)) · T down− �t

2
G

)
n
(
tk+1

)= (A + �t

2
G

)
n
(
tk
)
,

whereT down andT up are the transformation matrices from fine to coarse and from coarse to fine (it is
easy to see that coagulation is solved on the coarse grid, and the solution extended to the fine grid).

The results displayed in Fig. 4 are obtained using fourth order piecewise polynomial elements (in
logarithmic coordinate) with 49 gridpoints for growth and 9 gridpoints for coagulation. The reference
solution is well reproduced.

Fig. 4. The coupled coagulation-growth solutions attfinal = 1 hour for test problem III. The numerical solution is obtained using
fourth order elements on a combined grid withs = 49 for growth ands = 9 for coagulation.
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A note on conservation properties. The exact solution of the dynamics equation preserves the total
number of particles during growth

Ntot(t) =
∞∫

0

n(v, t)dv,

and the total volume of particles during coagualation

Vtot(t) =
∞∫

0

vn(v, t)dv.

Exact conservation of the quantities by the numerical distribution is a desirable property (see, e.g., the
semi-implicit method [10]). The methods proposed in the framework are not conservative, i.e., they do
not exactly conserve these total quantities, and are not positive definite, i.e., they do not guarantee a
nonnegative numerical distribution. In Fig. 5 we show the relative differences between the initial and the
final total number of particles during growth and the relative differences between the initial and the final

Fig. 5. The relative differences between the initial and the final total number of particles during growth and between the initial
and the final total volume of particles during coagulation for test problems II and III.
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Table 2
RMS errors for different timesteps and methods for test problem III. C and G stand for coagulation and
growth, respectively

�t Spectral discretization

C G

1 sec 300 sec 1800 sec 1 sec 300 sec 1800 sec

s= 13 6.31e–3 6.31e–3 6.31e–3 1.70e–2 1.70e–2 1.59e–2
s= 33 2.65e–4 2.65e–4 2.70e–4 9.00e–3 8.63e–3 6.07e-3

�t Fourth order Lagrange discretization

C G

1 sec 300 sec 1800 sec 1 sec 300 sec 1800 sec

s= 13 6.46e–2 6.44e–2 6.39e–2 1.61e–2 1.60e–2 1.65e–2
s= 33 3.72e–3 3.71e–3 4.06e–3 5.97e–4 5.98e–4 6.05e–4

total volume of particles during coagulation. The total quantities were taken to be the integrals of the
fourth order piecewise polynomial interpolant, and of the spectral interpolant respectively. Results are
shown for test cases II and III which use logarithmic coordinates. We see the invariants are not exactly
preserved, but rather they are preserved within the accuracy of the numerical solution. Exact conservation
of invariants may offer additional stability of the solution at very large timesteps.

A note on time steps. The numerical experiments were repeated with much larger time steps (up to
�t = 1800 s). In Table 2 final solution errors are shown for test problem III under different discretizations
and different timesteps; very large time steps could be used without visibly impacting the total accuracy.
In general we expect that the growth results will be more sensitive to large timesteps than the coagulation
results. In practice one should use a variable time step formula to keep the time discretization error under
a given threshold.

8. Conclusions and future work

Aerosols are becoming an important topic in air pollution modeling. For a correct representation of
particles in the atmosphere one needs to accurately solve for the size distribution of particle populations.

In this work we developed a general framework for the discretization of aerosol dynamics equations
using projection methods, which include Galerkin and collocation approaches. The resulting semidiscrete
system is bilinear and can be solved by the time-stepping method of choice; one possible such method is
discussed, based on a second order linearly-implicit formula. Although the formulation is given in terms
of number densities and single-component particles, it can be directly extended to volume, surface and
mass densities, as well as to multiple-component aerosols.

To exemplify the use of the framework we considered a spectral discretization as well as piecewise-
polynomial discretizations with linear, quadratic, and fourth order elements. The collocation approach
was used for coagulation (all cases) and for growth with spectral elements; the Galerkin approach was
used for growth with piecewise polynomial elements. Three test problems were employed. The first two
test problems solve a smooth (exponential) profile in linear and logarithmic formulations respectively.
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The third problem considers a cosine hill profile “living” in a finite volume interval and is formulated in
logarithmic coordinates.

In linear coordinates the numerical solutions display excellent accuracy. The convergence orders
at node points for piecewise polynomial elements are one order better than those predicted by a
direct theory; spectral elements show spectral convergence. In logarithmic coordinates (preferred by
environmental modelers) good solutions can be obtained for the coagulation equation with a small
number of bins (s ≈ 10); but for accurate growth solutions more gridpoints are needed. A mixed solution
is proposed to solve growth on a fine grid and coagulation on a coarse grid. Lower accuracy is generally
observed in logarithmic coordinates, although the numerical solutions reproduce well the reference
solutions. A more detailed analysis is needed to explain the lower convergence orders observed in the
logarithmic formulation.

Future work will focus on developing practical methods within the framework formulation. This
involves the identification of suitable families of basis and test functions that are able to resolve the
dynamics with a modest number of bins. It is desirable that the invariants of the aerosol dynamics
equations are preserved by the numerical scheme (e.g., total volume and total mass are preserved during
coagulation and total number during growth). Accurate and robust solutions of the growth equation
require some form of upwinding; upwind Petrov–Galerkin and discontinuous Galerkin formulations are
currently under investigation.

The main disadvantage of the framework formulation seems to be the computational expense
associated with the coagulation tensorsB andC as well as the matricesA andG. In the naive approach
(where all entries are computed) the cost of the tensors scales with the cube of the number of bins.
Fortunately these tensors and matrices are computed once and can be subsequently reused for long time
intervals, and possibly for multiple grid points in three-dimensional simulations. The tensors and the
matrices are very sparse. A key feature of a good implementation is to predict the sparsity structure and
to compute only those entries known to be nonzero. Future work will focus on providing sparse efficient
implementations for methods formulated within the framework.

The present numerical tests do not present cpu times, as an efficient sparse implementation is not
yet available. Preliminary timings of our matlab implementation (on a Pentium III, 1 GHz machine)
for solving the coagulation in the second test problem withs = 13 bins, timestep 10 seconds, gives the
following cpu times: the semi-implicit method 21 seconds (error 2.1e–2); the spectral method needs
17 seconds for computing the tensors and 6 seconds for the integration (error 6.4e–2); and the piecewise
linear polynomials need 80 seconds to assemble the tensors and 6 seconds to integrate (error 4.8e–2).

In a complete aerosol module the cpu time is dominated by the solution of aqueous chemistry and
chemical equilibria; the time needed to solve the dynamics is (usually) a relatively small fraction. Thus
the main concern is to provide good accuracy with a small number of bins. The practical methods built
within the framework will be tested on multiple component particles and on coupled aerosol dynamics
and chemistry models.
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